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TANNAKIZATION IN DERIVE ALGEBRAIC GEOMETRY
ISAMU IWANARI
Abstract. We give a universal construction of a derived affine group scheme and
its representation category from a symmetric monoidal ∞-category, which we shall
call the tannnakization of a symmetric monoidal ∞-category. This can be viewed as
an ∞-categorical generalization of the work of Joyal-Street [27] and Nori. We then
apply it to the stable ∞-category of mixed motives equipped with the realization
functor of a mixed Weil cohomology and obtain a derived motivic Galois group whose
representation category has a universality, and which represents the automorphism
group of the realization functor. Also, we present basic properties of derived affine
group schemes in Appendix.
1. Introduction
Grothendieck has developed the theory of Galois categories [17], and Saavedra and
Deligne-Milne have studied the theory of tannakian categories [40], [12] which general-
izes the classical Tannaka duality [43] by the categorical and algebro-geometric method.
These are beautiful duality theories in their own right on one hand, one of important
aspects of these theories is the role as the powerful machine by which we can derive
invariants from abstract categories on the other hand. For example, the e´tale funda-
mental groups of schemes and Picard-Vessiot Galois groups were constructed by means
of these theories. Joyal-Street [27] and Nori gave the machinery which approximates
symmetric monoidal categories and graphs with (neutral) tannakian abelian categories
(the braided case was also treated in [27]). This machinery is powerful: Joyal-Street
applied it to quantum groups, and Nori used it to construct the Nori’s category of
motives (see e.g. [2]). We here informally call this approximation the tannakization of
categories.
The first main purpose is to construct tannakization in the setting of higher cate-
gories, i.e. ∞-categories. In this introduction, by an ∞-category we informally mean
a (weak) higher category, in which all n-morphisms are weakly invertible for n > 1
(cf. [6]). (There are several theories which provide “models” of such categories. We
use the machinery of quasi-categories from the next Section.) Let C⊗ be a symmetric
monoidal small ∞-category. For a commutative ring spectrum R, we let Mod⊗R be the
symmetric monoidal ∞-category of R-module spectra. Let PMod⊗R be the symmetric
monoidal full subcategory of Mod⊗R spanned by dualizable objects (cf. Section 2). Let
CAlgR be the ∞-category of commutative R-ring spectra. Let ω : C
⊗ → PMod⊗R be
a symmetric monoidal functor. Then our result can be roughly stated as follows (see
Theorem 4.14):
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Theorem 1.1. There are a derived affine group scheme G over R (explained below)
and a symmetric monoidal functor u : C⊗ → PRep⊗G which makes the outer triangle in
PMod⊗G

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ω
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commute in the ∞-category of symmetric monoidal ∞-categories (here PRep⊗G is the
symmetric monoidal∞-category of dualizable R-module spectra equipped with G-actions)
such that these possess the following universality: for any inner triangle consisting of
solid arrows in the above diagram where H is a derived affine group scheme, there
exists a unique (in an appropriate sense) morphism f : H → G of derived affine group
schemes which induces PRep⊗G → PRep
⊗
H (indicated by the dotted arrow) filling the
above diagram. Moreover, the automorphism group of ω is represented by G.
For simplicity, we usually refer to the pair (G, u : C⊗ → PRep⊗G) as the tannakization.
By Theorem 1.1 we can obtain “Tannaka-Galois type invariants” in the quite general
setting. A derived group scheme is an analogue of group schemes in derived algebraic
geometry. This notion plays an important role in this paper. To understand why this
notion comes in, let us recall that stable ∞-categories are enriched over spectra (cf.
[9, Section 2]). It leads us to consider commutative Hopf ring spectra which are the
spectra version of commutative Hopf algebra. Put another way, from an intuitive point
of view, pro-algebraic groups (i.e. affine group schemes) appears in the formulation of
classical Tannaka duality since the automorphisms of finite-dimensional vector spaces
are representable by algebraic groups. Similarly, the automorphisms of compact spectra
(or a bounded complexes of finite dimensional vector spaces) are representable by
derived affine group schemes. The fundamental and comprehensive works on derived
algebraic geometry by Toe¨n-Vezzosi [46], Lurie [34] provide a natural home in which one
can realize this idea. For example, the functor ω can possess higher automorphisms.
The derived affine group scheme G captures all these higher data.
We would like to stress that we impose only weak natural conditions on C⊗ and ω
in Theorem 1.1. Consequently, it is applicable also to situations in which C⊗ seems
“non-tannakian”. Typical examples are C⊗ = PMod⊗A with A arbitrary. Even in the
case, our tannakization provides meaningful invariants. In a separate paper [24], we
prove that our tannakization includes bar construction of an augmented commutative
ring spectrum and its equivariant versions as a special case. Therefore our tannakiza-
tion can be also viewed as a generalization of bar constructions and equivariant bar
constructions.
Our motivation comes from various important and interesting examples which live in
the realm of ∞-categories. For example, the triangulated category of mixed motives,
due to Hanamura, Levine and Voevodsky, is of great interest in the view of a tannakian
theory for higher categories. The category of mixed motives has a natural formulation
of symmetric monoidal stable ∞-category. The stable ∞-category is equipped with
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realization functors of mixed Weil cohomology theories. One of important examples
of stable ∞-categories which recently appeared might be a symmetric monoidal stable
∞-category of noncommutative motives by Blumberg-Gepner-Tabuada [9], that is the
natural and universal domain for localizing (or additive) invariants such as algebraic
K-theory, topological Hochschild homology and topological cyclic homology. As for an
example which is not “algebraic” one, the stable ∞-category of the perfect complexes
on a topological space gives us an tannakian invariant.
From Section 5, we then switch to applications to examples. We will construct a
derived motivic Galois group for mixed motives. We note that for our construction
we do not need a conjectural motivic t-structure (see also Remark 5.18 on this point).
Let K be a field of characteristic zero and let HK denote the Eilenberg-MacLane
spectrum. Let DM⊗ := DM⊗(k) be the HK-linear symmetric monoidal stable ∞-
category of mixed motives over a perfect field k (see Section 5). Let DM⊗∨ be the
symmetric monoidal full subcategory spanned by dualizable objects in DM⊗. In DM⊗,
dualizable objects coincide with compact objects. The homotopy category of DM∨ can
be identified with the K-linear triangulated category of geometric motives DMgm(k)
constructed by Voevodsky (see e.g. [35], [47]), which is anti-equivalent to Hanamura’s
category [18] and Levine’s category [31] (with rational coefficients). Let E be a mixed
Weil (cohomology) theory with coefficients K in the sense of [11]. For example, l-adic
e´tale cohomology, Betti cohomology, de Rham cohomology and rigid cohomology give
mixed Weil theories. Then we can construct the homological realization functor
RE : DM
⊗
∨ −→ PMod
⊗
HK,
that is a symmetric monoidal exact functor (see Section 5). Note that the homo-
topy category of PMod⊗HK can be regarded as the triangulated category of bounded
complexes of K-vector speces with finite dimensional cohomology groups. Applying
Theorem 1.1 to the realization functor of a mixed Weil cohomology theory we obtain
(cf. Definition 5.13, Theorem 5.14):
Theorem 1.2. The realization functor RE : DM
⊗
∨ → PMod
⊗
HK gives rise to the tan-
nakization (MGE = SpecBE ,DM
⊗
∨ → PRep
⊗
MGE
) over HK described in Theorem 1.1.
Here BE is a commutative differential graded K-algebra.
By the universality and representability, we shall proposeMGE as a (derived) motivic
Galois group of mixed motives. By a truncation procedure we can also extract the
underived motivic Galois group MGE , which is an ordinary affine group scheme, from
MGE (cf. Theorem 5.17). Apart from the universality and representability of MGE ,
our derived group scheme MGE can be thought of as a natural generalization of so-
called motivic Galois group MTG for mixed Tate motives constructed by Bloch-Kriz,
Kriz-May, Levine [7], [29], [30]. To explain this, we would like to invite the reader’s
attention to the results obtained in [24]. Let DTM∨ ⊂ DM∨ be the stable ∞-category
of mixed Tate motives, that is, the stable idempotent complete subcategory generated
by Tate objects {K(n)}n∈Z (see [24, Section 6] for more details). The full subcategory
DTM∨ forms a symmetric monoidal ∞-category DTM
⊗, whose symmetric monoidal
structure is induced by that of DM⊗. In [24], we prove the comparison results which
can be informally summarized as follows:
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Theorem 1.3 ([24]). (i) Let MTG be a derived affine group scheme over HK ob-
tained as the tannakization of the composite RT : DTM
⊗
∨ →֒ DM
⊗ RE→ PMod⊗HK
(we omit the subscript E). Then MTG is equivalent to a derived affine group
scheme obtained from the Gm-equivariant bar construction of a commutative
differential graded K-algebra Q equipped with Gm-action. That is to say, it
is the Cˇech nerve of a morphism of derived stacks SpecHK → [SpecQ/Gm]
(cf. Appendix Example A.5 and [24]). The complex Q is described in term of
Bloch’s cycle complexes.
(ii) Suppose that Beilinson-Soule´ vanishing conjecture holds for k. Let MTG be
the Tannaka dual of the tannakian category of mixed Tate motives; the heart of
motivic t-structure on DTM∨ (constructed under the vanishing conjecture, see
[30], [29], [24, Section 7]). Then the affine group schemeMTG is the underlying
group scheme (cf. Appendix A.4 or [24, 7.3]) of MTG.
(iii) Let Art⊗ be the symmetric monoidal stable idempotent complete full subcategory
generated by motives of smooth zero-dimensional varieties, i.e. Artin motives.
Then the tannakization of Art⊗ equipped with a realization functor is the abso-
lute Galois group Gal(k¯/k).
This result links the works on mixed Tate motives in [7], [29], [30] and the classical
Galois theory to our results. Adams graded bar constructions (that is, Gm-equivariant
bar constructions) are the fundamental tools in [7] and [29], and the central theme
of [24] is to compare bar constructions and tannakizations. In a sense, the aspect of
tannakiziation, that is Theorem 1.1, as a generalization of bar constructions allows us
to construct a motivic Galois group of all mixed motives. In addition, it is worth men-
tioning that Theorem 1.1 can be applied to any symmetric monoidal full subcategory
in DM⊗.
We would like to emphasize that higher category theory (∞-categories) and derived
algebraic geometry provide a natural and nice framework for our purposes. For a
commutative ring spectrum A, the homotopy category of PMod⊗A (or Mod
⊗
A) forms a
triangulated category equipped with a symmetric monoidal structure. However, if we
work with triangulated categories (to prove Theorem 1.1 in particular, representabil-
ity), we encounter several technical problems including the problem concerning the
absence of descent of morphisms in the homotopy category of PModA. It turns out
that ∞-categories give us an appropriate theory. Also, we should like to refer the
reader to the recent preprints [34, VIII] [49] and our previous work [16] building on
tannakian philosophy in higher category theory.
The notion of derived (affine) group schemes is placed at the important part of
our work. We hereby decide to give the basic theory of derived affine group schemes
in Appendix. We also refer the reader to [45] and [42] for other accounts of related
notions.
This paper is roughly organized as follows. In Section 2, we fix notation and con-
vention. In Section 3 we give preliminaries which we need Section 4. Section 4 is
devoted to the proof of Theorem 1.1. Section 5 contains the construction of our mo-
tivic Galois group; we construct the realization functor in the setting of ∞-categories
and apply Theorem 1.1 to obtain a derived motivic Galois group associated to the
stable ∞-category of mixed motives. In Section 6, we present some other examples
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without proceeding into detail. One example given in Section 6 is the ∞-category
of perfect complexes on a topological space S. With rational coefficients, we expect
that the associated derived affine group is closely related to the rational homotopy
theory. It would yield a conceptual understanding of the rational homotopy theory as
an example of the tannakian philosophy. In Appendix we present basic definitions and
results concerning derived group schemes.
2. Notation and Convention
We fix notation and convention.
∞-categories. In this paper, we use theory of quasi-categories. A quasi-category is
a simplicial set which satisfies the weak Kan condition of Boardman-Vogt: A quasi-
category S is a simplicial set such that for any 0 < i < n and any diagram
Λni
//

S
∆n
>>
of solid arrows, there exists a dotted arrow filling the diagram. Here Λni is the i-th
horn and ∆n is the standard n-simplex. The theory of quasi-categories from higher
categorical viewpoint has been extensively developed by Joyal and Lurie. Following
[32] we shall refer to quasi-categories as∞-categories. Our main references are [32] and
[33] (see also [26], [34]). We often refer to a map S → T of ∞-categories as a functor.
We call a vertex in an ∞-category S (resp. an edge) an object (resp. a morphism).
For the rapid introduction to ∞-categories, we refer to [32, Chapter 1], [16, Section
2]. It should be emphasized that there are several alternative theories such as Segal
categories, complete Segal spaces, simplicial categories, relative categories,... etc. For
the quick survey on various approaches to (∞, 1)-categories and their relations, we
refer the reader to [6].
• ∆: the category of linearly ordered finite sets (consisting of [0], [1], . . . , [n] =
{0, . . . , n}, . . .)
• ∆n: the standard n-simplex
• N: the simplicial nerve functor (cf. [32, 1.1.5])
• Cop: the opposite ∞-category of an ∞-category C
• Let C be an ∞-category and suppose that we are given an object c. Then
Cc/ and C/c denote the undercategory and overcategory respectively (cf. [32,
1.2.9]).
• Cat∞: the ∞-category of small ∞-categories in a fixed Grothendieck universe
(cf. [32, 3.0.0.1])
• Ĉat∞: ∞-category of ∞-categories
• S: ∞-category of small spaces (cf. [32, 1.2.16])
• h(C): homotopy category of an ∞-category (cf. [32, 1.2.3.1])
• Fun(A,B): the function complex for simplicial sets A and B
• FunC(A,B): the simplicial subset of Fun(A,B) classifying maps which are
compatible with given projections A→ C and B → C.
• Map(A,B): the largest Kan complex of Fun(A,B) when A and B are ∞-
categories,
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• MapC(A,B): the simplicial subset of Map(A,B) classifying maps which are
compatible with given projections A→ C and B → C.
• MapC(C,C
′): the mapping space from an object C ∈ C to C ′ ∈ C where C is
an ∞-category. We usually view it as an object in S (cf. [32, 1.2.2]).
Symmetric monoidal ∞-categories and spectra. We employ the theory of symmetric
monoidal ∞-categories developed in [33]. We refer to [33] for its generalities. Let
Fin∗ be the category of marked finite sets (our notation is slightly different from [33]).
Namely, objects are marked finite sets and a morphism from 〈n〉∗ := {1 < · · · <
n}⊔{∗} → 〈m〉∗ := {1 < · · · < m}⊔{∗} is a (not necessarily order-preserving) map of
finite sets which preserves the distinguished points ∗. Let αi,n : 〈n〉∗ → 〈1〉∗ be a map
such that αi,n(i) = 1 and αi,n(j) = ∗ if i 6= j ∈ 〈n〉∗. A symmetric monoidal category
is a coCartesian fibration (cf. [32, 2.4]) p : M⊗ → N(Fin∗) such that for any n ≥ 0,
α1,n . . . αn,n induce an equivalence M⊗n → (M
⊗
1 )
×n where M⊗n andM
⊗
1 are fibers of p
over 〈n〉∗ and 〈1〉∗ respectively. A symmetric monoidal functor is a map M⊗ →M
′⊗
of coCartesian fibrations over N(Fin∗), which carries coCartesian edges to coCartesian
edges. Let Cat∆,sMon∞ be the simplicial category of symmetric monoidal ∞-categories
in which morphisms are symmetric monoidal functors. Hom simplicial sets are given
by those defined in [32, 3.1.4.4]. Let CatsMon∞ be the simplicial nerve of Cat
∆,sMon
∞ (see
[33, 2,1.4.13]).
There are several approaches to a “good”theory of commutative ring spectra. Among
these, we employ the theory of spectra and commutative ring spectra developed in [33].
We list some of notation.
• S: the sphere spectrum
• ModA: ∞-category of A-module spectra for a commutative ring spectrum A
• PModA: the full subcategory of ModA spanned by compact objects (in ModA,
an object is compact if and only if it is dualizable, see [5]) . We refer to objects
in PModA as perfect A-module (spectra).
• Let M⊗ → O⊗ be a fibration of ∞-operads. We denote by Alg/O⊗(M
⊗) the
∞-category of algebra objects (cf. [33, 2.1.3.1]). We often write Alg(M⊗) or
Alg(M) for Alg/O⊗(M
⊗). Suppose that P⊗ → O⊗ is a map of ∞-operads.
AlgP⊗/O⊗(M
⊗): ∞-category of P-algebra objects.
• CAlg(M⊗): ∞-category of commutative algebra objects in a symmetric monoidal
∞-category M⊗ → N(Fin∗).
• CAlgR: ∞-category of commutative algebra objects in the symmetric monoidal
∞-category Mod⊗R where R is a commutative ring spectrum. When R = S, we
set CAlg = CAlgS. The ∞-category CAlgR is equivalent to the undercategory
CAlgR/ as an ∞-category.
• Mod⊗A(M
⊗)→ N(Fin∗): symmetric monoidal∞-category of A-module objects,
where M⊗ is a symmetric monoidal ∞-category such that (1) the underlying
∞-category admits a colimit for any simplicial diagram, and (2) its tensor prod-
uct functor M×M→M preserves colimits of simplicial diagrams separately
in each variable. Here A belongs to CAlg(M⊗) (cf. [33, 3.3.3, 4.4.2]).
Let C⊗ be the symmetric monoidal ∞-category. We usually denote, dropping the
subscript ⊗, by C its underlying∞-category. We say that an object X in C is dualizable
if there exist an object X∨ and two morphisms e : X ⊗X∨ → 1 and c : 1→ X ⊗X∨
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with 1 a unit such that the composition
X
IdX⊗c−→ X ⊗X∨ ⊗X
e⊗IdX−→ X
is equivalent to the identity, and
X∨
c⊗IdX∨−→ X∨ ⊗X ⊗X∨
IdX∨⊗e−→ X∨
is equivalent to the identity. The symmetric monoidal structure of C induces that of
the homotopy category h(C). If we consider X to be an object also in h(C), then X
is dualizable in C if and only if X is dualizable in h(C). For example, for R ∈ CAlg,
compact and dualizable objects coincide in the symmetric monoidal∞-category Mod⊗R
(cf. [5]).
3. Basic definitions and geometric systems
In this Section, we prepare some notions which we need in the next Section.
The ∞-category Cat∞ of small ∞-categories has the symmetric monoidal struc-
ture determined by the Cartesian product C × D. We denote by CAlg(Cat∞) the
∞-category of commutative algebra (monoid) objects in the symmetric monoidal ∞-
category Cat∞. A symmetric monoidal ∞-category can be identified with a com-
mutative algebra (monoid) object in Cat∞; there is a natural categorical equiva-
lence CatsMon∞ ≃ CAlg(Cat∞). If A
⊗,B⊗ ∈ CAlg(Cat∞), we write Map
⊗(A⊗,B⊗)
for MapCAlg(Cat∞)(A
⊗,B⊗).
Geometric R-system. We introduce the notion of geometric R-systems.
Definition 3.1. Let T ⊗ : CAlgR → Cat
sMon
∞ ≃ CAlg(Cat∞) be a functor satisfying
the following properties:
(A1) Let T : CAlgR → CAlg(Cat∞) → Cat∞ be the composition with the forgetful
functor. For any A, T (A) is stable and T (A)→ T (B) is exact for any A→ B.
For any T ∈ T (R), the automorphism group functor Aut(T ) : CAlgR → S,
which will be defined below, is representable by a derived affine scheme over R.
(A2) For any T, T ′ ∈ T (R), the hom functor Hom(T, T ′) : CAlgR → S, which will
be defined below, is representable by a derived affine scheme over R.
If (A1) and (A2) hold, we refer to T ⊗ as a geometric R-system.
We here define Hom(T, T ′) : CAlgR → S as follows. Let θ∆1 , θ∂∆1 , θφ : Cat∞ → S
be the functors corresponding to ∆1, ∂∆1 and the empty category φ respectively via
the Yoneda embedding Catop∞ ⊂ Fun(Cat∞,S). The inclusion ∂∆
1 →֒ ∆1 induces
θ∆1 → θ∂∆1 . Note that θφ is equivalent to the constant functor whose value is the
contractible space. The functor θ∂∆1 is equivalent to the 2-fold product of the functor
Cat∞ → S which carries an ∞-category A to the largest Kan complex A≃ (this
functor can be constructed as the functor corepresentable by ∆0). Therefore, if we let
F → CAlgR be a left fibration corresponding to CAlgR
T
→ Cat∞
θ∆0→ S, then giving
θφ → θ∂∆1 amounts to giving two sections of F → CAlgR. In order to construct
θφ → θ∂∆1 from T and T
′, we give (ordered) two sections CAlgR → F . By [32, 3.3.3.4],
a section corresponds to an object in the limit lim T (A) of T : CAlgR → Cat∞. Hence
the images of T and T ′ in lim T (A) give rise to θφ → θ∂∆1 . We define Hom(T, T
′) to be
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the fiber product θφ ×θ∂∆1 θ∆1 in Fun(CAlgR,S). For any A ∈ CAlgR, Hom(T, T
′)(A)
is equivalent to (homotopy) fiber product
{(T ⊗R A, T
′ ⊗R A)} ×Map(∂∆1,T (A)) Map(∆
1, T (A))
in S, where T⊗RA and T ′⊗RA denote the images of T and T ′ in T (A) respectively. It is
the mapping space from T⊗RA to T ′⊗RA. If T = T ′, we write End(T ) for Hom(T, T ).
We let Aut(T ) be the functor CAlgR → S obtained by restricting objects in End(T )(A)
to automorphisms for each A (one can do this procedure by using corresponding left
fibration).
The followings are examples of geometric R-systems. In the next Section we will
prove that these examples are geometric R-systems.
Example 3.2. Let Θ : CAlgR → CAlg(Cat∞) be the functor which carries A to
PMod⊗A and carries A → B to the base change functor PMod
⊗
A → PMod
⊗
B. We
can obtain this functor Θ as follows. By virtue of [33, 6.3.5.18], we have CAlgR →
CAlg(Ĉat∞)Mod⊗R /
which carries A to Mod⊗A. Composing with the forgetful functor
CAlg(Ĉat∞)Mod⊗R /
→ CAlg(Ĉat∞) and restricting Mod
⊗
A to PMod
⊗
A we have Θ :
CAlgR → CAlg(Cat∞). This is a geometric R-system.
Example 3.3. Let S be a (small) Kan complex. Let f : Cat∞ → Cat∞ be the colimit-
preserving functor which is determined by (−)× S. Namely, f carries C to C × S. Its
right adjoint functor g : Cat∞ → Cat∞ carries C to Fun(S, C). (To obtain this adjoint,
consider the adjunction (−) × S : Set∆ ⇄ Set∆ : Fun(S,−), where Set∆ denotes
the category of simplicial sets. If both Set∆ are endowed with Joyal model structure
[32, 2.2.5.1], then this adjunction is a Quillen adjunction by [32, 2.2.5.4]. It gives
rise to the required adjunction) Then Fun(N(Fin∗), C) → Fun(N(Fin∗), C) induced by
composition with g preserves commutative monoid (algebra) objects. Thus it gives
rise to gS : CAlg(Cat∞) → CAlg(Cat∞). Roughly speaking, g
S sends a symmetric
monoidal∞-category C⊗ to Fun(S, C) endowed with the symmetric monoidal structure
Fun(S, C)×Fun(S, C)→ Fun(S, C) given by symmetric monoidal structure C ×C → C.
We informally regard an object in Fun(S, C) as something like a fiber bundle of objects
in C over the geometric realization |S|. Let us consider the composite
ΘS : CAlgR
Θ
−→ CAlg(Cat∞)
gS
−→ CAlg(Cat∞).
This is a geometric R-system.
Automorphism group functor. Let C⊗ be a symmetric monoidal small ∞-category.
Let ω : C⊗ → T ⊗(R) be a symmetric monoidal functor. We write C for its un-
derlying ∞-category. Let T ⊗ be a geometric R-system. Let θC⊗ : CAlg(Cat∞) →
S be the functor corresponding to C⊗ via the Yoneda embedding CAlg(Cat∞)op ⊂
Fun(CAlg(Cat∞),S). Then the composite
ξ : CAlgR
T ⊗
−→ CAlg(Cat∞)
θ
C⊗−→ S
carries A to the space equivalent to Map⊗(C⊗, T ⊗(A)). We can extends ξ to ξ∗ :
CAlgR → S∗ by using the symmetric monoidal functor ω. Here S∗ denotes the ∞-
category of pointed spaces, that is, S∆0/. To explain this, let M → CAlgR be a left
fibration corresponding to ξ. An extension of ξ to ξ∗ amounts to giving a section
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CAlgR → M of the left fibration M → CAlgR. According to [32, 3.3.3.4] a section
corresponds to an object in the∞-category L which is the limit of the diagram of spaces
(or ∞-categories) given by ξ; A 7→ Map⊗(C⊗, T ⊗(A)). Thus if lim T ⊗(A) denotes the
limit of T ⊗ : CAlgR → CAlg(Cat∞), then L is equivalent to Map
⊗(C⊗, limT ⊗(A))
as ∞-categories (or equivalently spaces). The natural functor T ⊗(R) → lim T ⊗(A)
induces p : Map⊗(C⊗, T ⊗(R)) → Map⊗(C⊗, limT ⊗(A)) ≃ L. The image p(ω) in L
gives rise to a section CAlgR → M. Consequently, we have ξ∗ : CAlgR → S∗ which
extends ξ. We define Aut(ω) to be the composite
CAlgR
ξ∗
−→ S∗
Ω∗−→ Grp(S),
where the second functor is the based loop functor, and Grp(S) denotes the∞-category
of group objects in S. We refer to Aut(ω) as the automorphism group functor of
ω : C⊗ → T ⊗(R). For any A ∈ CAlgR, Aut(ω)(A) is equivalent (as an object in S)
to the mapping space from the symmetric monoidal functor C⊗ → T ⊗(R) → T ⊗(A)
to itself in Map⊗(C⊗, T ⊗(A)). We often abuse notation and write Aut(ω) also for the
composition CAlgR → Grp(S)→ S with the forgetful functor.
Let Ω : C → T (R) be the underlying functor of ω. Let θC : Cat∞ → S be the functor
corresponding to C via the Yoneda embedding Catop∞ ⊂ Fun(Cat∞,S). Consider the
composite
η : CAlgR
T
−→ Cat∞
θC−→ S.
As in the above case, we can extend η to η∗ : CAlgR → S∗ by Ω : C → T (R). We
define Aut(Ω) to be the composite
CAlgR
η∗
−→ S∗
Ω∗−→ Grp(S).
We refer to Aut(Ω) as the automorphism group functor of Ω : C → T (R). We often
abuse notation and write Aut(Ω) also for the composite CAlgR → Grp(S)→ S.
4. Tannakization
The goal of this Section is to prove Theorem 4.14.
We first prove Lemmata concerning the structure of the ∞-category Cat∞.
Lemma 4.1. Let C and D be ∞-categories. Let F : C → D be a functor. Then F is
a categorical equivalence if and only if the composition induces equivalences
f : Map(∆0, C)→ Map(∆0,D) and g : Map(∆1, C)→ Map(∆1,D)
in S.
Proof. The part of “only if” is clear. We will prove the “if” part. Let C≃ and D≃
be the largest Kan complexes in C and D respectively. The equivalence of f implies
that the induced map F≃ : C≃ → D≃ is a homotopy equivalence (or equivalently,
categorical equivalence). It follows that F is essentially surjective. Hence it suffices to
show that F is fully faithful. Let C and C ′ be objects in C. There exists a natural
equivalence
MapC(C,C
′) ≃ Map(∆1, C)×Map(∂∆1,C) {(C,C
′)}
in S, where {(C,C ′)} = ∆0 → Map(∂∆1, C) corresponds to C and C ′. The induced
map MapC(C,C
′)→ MapD(F (C), F (C
′)) can be identified with
Map(∆1, C)×Map(∂∆1,C) {(C,C
′)} → Map(∆1,D)×Map(∂∆1,D) {(F (C), F (C
′))},
10 ISAMU IWANARI
which is an equivalence in S by our assumption. ✷
We will construct the full subcategory 〈∆0,∆1〉 of Cat∞ by the following inductive
steps. We first note that Cat∞ is a presentable ∞-category since it is (equivalent
to) the simplicial nerve of the simplicial category consisting of fibrant objects in the
combinatorial model category of small marked simplicial sets, defined in [32, 3.1.3.7].
Choose a regular cardinal κ such that Cat∞ is κ-accessible (cf. [32, 5.4.2]) and both
∆0 and ∆1 are κ-compact. Let [∆0,∆1]0 be the full subcategory of Cat∞, spanned by
∆0 and ∆1. We define a transfinite sequence
[∆0,∆1]0 → [∆
0,∆1]1 → · · ·
of full subcategories indexed by ordinals smaller than κ. Supposing that [∆0,∆1]α has
been defined, we define [∆0,∆1]α+1 to be the full subcategory of Cat∞ spanned by
retracts of colimits of κ-small diagrams taking values in [∆0,∆1]α. Here colimits are
taken in Cat∞. If λ is a limit ordinal, [∆
0,∆1]λ is defined to be
⋃
α<λ[∆
0,∆1]α. We
set 〈∆0,∆1〉 =
⋃
α<κ[∆
0,∆1]α.
Lemma 4.2. The full subcategory 〈∆0,∆1〉 has κ-small colimits which are compatible
with those in Cat∞ Moreover, it is idempotent complete.
Proof. Let f : I → 〈∆0,∆1〉 be a functor where I is a κ-small simplicial set. We
will show that the colimit of f in Cat∞ belongs to 〈∆0,∆1〉. Since I is κ-small, we
have an ordinal τ smaller than κ, such that f factors through [∆0,∆1]τ ⊂ 〈∆0,∆1〉.
Then by our construction, the colimit in Cat∞ belongs to [∆
0,∆1]τ+1. Since Cat∞
is idempotent complete and 〈∆0,∆1〉 is closed under retracts, 〈∆0,∆1〉 is idempotent
complete. ✷
.
Lemma 4.3. The full subcategory 〈∆0,∆1〉 is the smallest full subcategory having the
properties:
• it includes ∆0 and ∆1,
• it has κ-small colimits, and the inclusion 〈∆0,∆1〉 → Cat∞ preserves κ-small
colimits,
• it is idempotent complete.
Moreover, the full subcategory 〈∆0,∆1〉 is small.
Proof. By Lemma 4.2, it will suffice to prove that for each α, [∆0,∆1]α is contained
in the smallest full subcategory. We proceed by transfinite induction. The case of
α = 0 is obvious. Suppose that [∆0,∆1]β is contained in the smallest full subcategory
where β < α. Then by our construction in both successor and limit cases, [∆0,∆1]α
is so. To see the second claim, note that the (small) full subcategory consisting of κ-
compact objects in Cat∞ is idempotent complete and admits κ-small colimits which are
compatible with those in Cat∞. Thus the first claim implies that it contains 〈∆0,∆1〉.
It follows that 〈∆0,∆1〉 is small. ✷
Let Indκ(〈∆
0,∆1〉) be the full subcategory of Fun(〈∆0,∆1〉op,S) spanned by colimits
of κ-filtered diagrams taking values in 〈∆0,∆1〉 ⊂ Fun(〈∆0,∆1〉op,S) (see [32, 5.3.5]).
According to Lemma 4.2 and [32, 5.5.1.1], Indκ(〈∆0,∆1〉) is a presentable ∞-category.
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Corollary 4.4. The full subcategory 〈∆0,∆1〉 coincides with the full subcategory E
consisting of κ-compact objects in Indκ(〈∆0,∆1〉).
Proof. Since 〈∆0,∆1〉 is idempotent complete by Lemma 4.2, our assertion follows
from [32, 5.4.2.4] which says that the natural inclusion 〈∆0,∆1〉 → E is idempotent
completion. ✷
Proposition 4.5. Let θ : Indκ(〈∆0,∆1〉)→ Cat∞ be a left Kan extension of 〈∆0,∆1〉 →
Cat∞ that preserves κ-filtered colimits (cf. [32, 5.3.5.10]). Then θ is a categorical equiv-
alence.
Proof. Note that according to Lemma 4.2 〈∆0,∆1〉 → Cat∞ preserves κ-small
colimits, and by Corollary 4.4 〈∆0,∆1〉 coincides with the full subcategory of κ-
compact objects in Indκ(〈∆0,∆1〉). Therefore by [32, 5.5.1.9] θ preserves small col-
imits. Note that every object in 〈∆0,∆1〉 is κ-compact in Cat∞ (see the proof of
Lemma 4.3). Therefore invoking [32, 5.3.5.11 (1)] we deduce that θ is fully faith-
ful. By adjoint functor theorem [32, 5.5.2.9 (1)] to θ, there exists its right adjoint
ξ : Cat∞ → Indκ(〈∆0,∆1〉). Let C be a (small) ∞-category. To prove our assertion, it
suffices to show that the counit map θ ◦ ξ(C)→ C is a categorical equivalence. Now it
can be checked by Lemma 4.1. ✷
Now we show that the example presented in Example 3.2 is a geometric R-system.
Lemma 4.6. Let M,N ∈ PModR. The functor Hom(M,N) : CAlgR → S is rep-
resentable by a derived affine scheme over R. Moreover, Aut(M) : CAlgR → S is
representable by a derived affine scheme over R. Namely, the example in Example 3.2
is a geometric R-system.
Proof. Note that there exist natural equivalences
MapModA(M⊗RA,N⊗RA) ≃ MapModR(M,N⊗RA) ≃ MapCAlgR(Sym
∗(M⊗RN
∨), A)
in S, where N∨ is the dual object of N in PModR, and Sym
∗(M ⊗R N∨) is a free
commutative R-ring spectrum determined by M ⊗R N∨. Consequently, we conclude
that Spec Sym∗(M ⊗R N
∨) represents the functor Hom(M,N).
Next consider Aut(M) : CAlgR → S. This case follows from [46, II, 1.2.10.1]. ✷
Let Ω : C → T (R) be the underlying functor of ω : C⊗ → T ⊗(R) in Theorem 4.10.
For any A ∈ CAlgR, we let ΩA to be the composite C → T (R) → T (A) where the
second functor is induced by R→ A. Consider the functor Aut(Ω) : CAlgR → S given
by A 7→ MapMap(C,PModA)(ΩA,ΩA) (see the previous Section).
Lemma 4.7. Suppose that C is equivalent to either ∆0 or ∆1. Then Aut(Ω) is repre-
sentable by a derived affine scheme over R.
Proof. We first treat the case of ∆0. Let M = Ω({0}) ∈ T (R), where {0} denotes
the object in ∆0. In this case, Aut(Ω) is representable by a derived affine scheme
Aut(M) over R since T ⊗ is a geometric R-system.
Next we consider the case of C = ∆1. Let M := Ω({0}) ∈ T (R) and N := Ω({1}) ∈
T (R), where {0} and {1} denote objects in ∆1. Then Aut(Ω) is representable by the
fiber product of derived affine schemes
Aut(M)×Hom(M,N) Aut(N)
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where we regard Hom(M,N) as a derived affine scheme by (A2) of the definition of
geometric R-systems. This completes the proof. ✷
Using Proposition 4.5 we first treat the case where we do not take account into
symmetric monoidal structures.
Proposition 4.8. Let C be a small ∞-category. Then Aut(Ω) is representable by a
derived affine scheme over R.
Proof. Suppose first that C belongs to 〈∆0,∆1〉. Recall 〈∆0,∆1〉 =
⋃
α<κ[∆
0,∆1]α.
We suppose that C belongs to [∆0,∆1]α. We proceed by transfinite induction on α.
If α = 0, then our assertion follows from Lemma 4.7. Suppose that α < λ our
assertion holds. If λ is a limit ordinal, then the case of λ follows from the definition of
[∆0,∆1]λ. When λ is a successor ordinal and τ + 1 = λ, C ∈ [∆0,∆1]λ is a retract of
a colimit of a κ-small diagram taking values in [∆0,∆1]τ . If C is a colimit of a κ-small
diagram taking values in [∆0,∆1]τ , then by the inductive assumption on [∆
0,∆1]τ , we
see that Aut(Ω) is expressed as a limit of a κ-small diagram of derived affine schemes
(since the ∞-category of derived affine schemes admits small limits). Indeed, suppose
that C is equivalent to a colimt colimµ∈ICµ of small∞-categories Cµ indexed by a small
∞-category I, and our claim holds for the case of Cµ, that is, the automorphism group
functor Aut(Ωµ) of Ωµ : Cµ → T (R) is representable by a derived affine scheme Gµ over
R (here Ω ≃ limµ∈I Ωµ). It follows that Aut(Ω) is representable by a limit of derived
affine schemes Gµ. If C is a retract of such a colimit, then the retract is expressed as
a colimit of a certain idempotent diagram indexed by the simplicial set Idem (see [32,
4.4.5.4 (1)]). Hence our assertion holds also for the case of retracts. Therefore if C
belongs to 〈∆0,∆1〉, our assertion holds.
In general case, by Proposition 4.5, C can be expressed as a colimit of a small κ-
filtered diagram taking values in 〈∆0,∆1〉. It follows from 〈∆0,∆1〉 that in the general
case Aut(Ω) can be written as a κ-filtered limit of derived affine schemes over R. ✷
Corollary 4.9. The functor ΘS : CAlgR → CAlg(Cat∞) in Example 3.3 is a geometric
R-system.
Proof. Replace C in the proof of Proposition 4.8 by the Kan complex S. Then the
proof together with Lemma 4.6 implies (A1). The proof of (A2) is similar. ✷
Theorem 4.10. Let T ⊗ : CAlgR → CAlg(Cat∞) be a geometric R-system. Let C
⊗
be a symmetric monoidal small ∞-category and let ω : C⊗ → T ⊗(R) be a symmetric
monoidal functor. Then Aut(ω) is representable by a derived affine group scheme over
R.
Proof. For ease of notation, we let Γ = N(Fin∗). Note first that a symmetric
monoidal ∞-category can be regarded as a commutative monoid object in Cat∞ (see
[33, 2.4.2]). Let C⊗ and T ⊗(A) be symmetric monoidal∞-categories. Hence we regard
them as commutative monoid objects p : Γ → Cat∞ and qA : Γ → Cat∞ respectively.
We remark that p(〈n〉∗) ≃ C×n and qA(〈n〉∗) ≃ T (A)×n. We let rA : Γ× ∆1 → Cat∞
be the map corresponding to the composite ωA : C⊗ → T ⊗(R) → T ⊗(A). Then by
using [32, 4.2.1.8] twice Aut(ω)(A) can be identified with the Kan complex
Fun(Γ×∆1 ×∆1,Cat∞)×Fun(Γ×∂(∆1×∆1),Cat∞) {(cp ⊔ cqA) ∪ (rA ⊔ rA)},
TANNAKIZATION IN DERIVE ALGEBRAIC GEOMETRY 13
where {(cp⊔cqA)∪(rA⊔rA)} denotes the union (cp⊔cqA)∪(rA⊔rA) : Γ×∂(∆
1×∆1)→
Cat∞ such that cp : Γ×∆1×{0}
pr1→ Γ
p
→ Cat∞, cqA : Γ×∆
1×{1}
pr1→ Γ
qA→ Cat∞, and
rA ⊔ rA : Γ× ∂∆1 ×∆1 → Cat∞. Thus Aut(ω) is given by
A 7→ Map(Γ×∆1 ×∆1,Cat∞)×Map(Γ×∂(∆1×∆1),Cat∞) {(cp ⊔ cqA) ∪ (rA ⊔ rA)},
where the right hand side is the (homotopy) fiber product. Replacing κ above by a
larger regular cardinal if necessary (cf. Proposition 4.5), we may assume that Γ is
κ-compact in Cat∞. Let f : I → Γ be a functor from I ∈ [∆0,∆1]α to Γ. Consider the
composite
CAlgR
T ⊗
−→ Fun(Γ,Cat∞)→ Fun(I,Cat∞)→ S
where the first functor is T ⊗ : CAlgR → CAlg(Cat∞) ⊂ Fun(Γ,Cat∞), and the second
functor is induced by the composition with f , and the third functor is representable by
p◦f . By f ∗rR := rR◦(f×Id∆1) : I×∆
1 → Cat∞, we can extends the above composite
to CAlgR → S∗ as in the previous Section. Composing with S∗
Ω∗→ Grp(S) → S we
have CAlgR → S, which we shall denote by Aut(ω)f . This functor sends A to the
(homotopy) fiber product
Map(I ×∆1 ×∆1,Cat∞)×Map(I×∂(∆1×∆1),Cat∞) {(f
∗cp ⊔ f
∗cqA) ∪ (f
∗rA ⊔ f
∗rA)}.
We claim that if I is κ-compact then Aut(ω)f is representable by a derived affine
scheme over R. Suppose that I belongs to [∆0,∆1]0. Then the case of I ≃ ∆0 is
reduced to Proposition 4.8; suppose that the image f(∆0) corresponds to 〈n〉∗. Recall
that qA(〈n〉∗) is equivalent to the n-fold product T (A)×n as∞-categories. In this case,
Aut(ω)f is given by Aut(ωn) : CAlgR → S,
A 7→
∏
1≤i≤n
Aut(pri ◦ ωn,A)
where ωn,A is the functor p(〈n〉∗)→ qA(〈n〉∗) induced by ω, and pri : T (A)
×n → T (A)
is the i-th projection. Hence thanks to Proposition 4.8, this functor Aut(pri ◦ ωn,A) is
representable by a derived affine scheme over R. It follows that Aut(ωn) is representable
by a derived affine scheme over R. When f : I ≃ ∆1 and I → Γ corresponds to
〈m〉∗ → 〈n〉∗, Aut(ω)f is representable by
Aut(ωm)×Aut(ωm,n) Aut(ωn)
where ωm,n is the functor p(〈m〉∗)→ q(〈n〉∗) induced by ω and 〈m〉∗ → 〈n〉∗. Thus this
case is again reduced to Proposition 4.8. Next suppose that if α < λ our assertion holds
for α. If λ is a limit ordinal, our assertion also holds for the case of λ. Assume that λ
is a successor ordinal and τ + 1 = λ. Let I → Γ be a functor with I ∈ [∆0,∆1]λ and
consider the case when I ≃ colimIµ, where colimIµ is a colimit of a κ-small diagram
taking values in [∆0,∆1]τ . According to [32, 1.2.13.8], I ≃ colimIµ → Γ is a colimit
also in (Cat∞)/Γ. Note that the cartesian product commutes with colimits in Cat∞.
Thus the assumption for the case of τ (and the definition of Aut(ω)f) implies that our
assertion also holds for the case of λ. If I ′ is a retract of the above I, a retract can also
be expressed as the colimit (see [32, 4.4.5]). Hence our assertion holds for the case of
the retract. This implies that for every κ-compact ∞-category I, our assertion holds.
In particular, if I = Γ, Theorem 4.10 follows since Aut(ω) : CAlgR → Grp(S) → S is
representable by a derived affine scheme over R. ✷
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Proposition 4.11. Let ω : C⊗ → PMod⊗R be a symmetric monoidal functor where
C⊗ is a symmetric monoidal small ∞-category. (Here the geometric R-system is given
in Example 3.2.) Then the functor Aut(ω) is representable by a derived affine group
scheme G over R.
Proof. It follows from Theorem 4.10 and Lemma 4.6. ✷
Let C⊗ be a symmetric monoidal small ∞-category and let ω : C⊗ → PMod⊗R be
a symmetric monoidal functor. Let G be a derived affine group scheme over R. Let
PRep⊗G be the symmetric monoidal stable ∞-category of perfect representations of G
(see A.6). Suppose that ω is extended to a symmetric monoidal functor C⊗ → PRep⊗G.
Namely, the composite C⊗ → PRep⊗G → PMod
⊗
R with the forgetful functor is equivalent
to ω. Next our goal is Proposition 4.13 which relates such extensions with actions on
ω. Let N(∆)op → AffR ⊂ Fun(CAlgR, Ŝ) be a functor corresponding to G and let BG
be its colimit. Let (AffR)/BG be the full subcategory of Fun(CAlgR, Ŝ)/BG spanned
by objects X → BG such that X are affine schemes, that is, objects which belong
to the essential image of Yoneda embedding AffR →֒ Fun(CAlgR, Ŝ). There is the
natural projection (AffR)/BG → AffR, that is a right fibration (cf. [32, 2.0.0.3]). Let
π : SpecR → BG be the natural projection. This determines a map between right
fibrations AffR = (AffR)/SpecR → (AffR)/BG over AffR. Let (AffR)/BG → S
op be a
functor which assigns Map⊗(C⊗,PMod⊗A) to SpecA in (AffR)/BG. Here Map
⊗(−,−)
indicates the mapping space in CAlg(Cat∞). More precisely, let
c : (AffR)/BG → AffR
θ
→ CAlg(Cat∞)
op → Sop
be the composition where the first functor is the natural projection, and the third
is the image of C⊗ by Yoneda embedding (CAlg(Cat∞))op → Fun(CAlg(Cat∞),S).
Let θ : AffR → CAlg(Cat∞)op be the functor induced by Θ, which carries SpecA
to PMod⊗A. By the unstraightening functor [32, 3.2] together with [32, 4.2.4.4] the
composition (AffR)/BG → Sop gives rise to a right fibration p : M→ (AffR)/BG. The
mapping space Map⊗(C⊗,PRep⊗G) is homotopy equivalent to the limit of spaces
lim
SpecA→BG
Map⊗(C⊗, θ(SpecA))
where SpecA → BG run over (AffR)/BG and PMod
⊗
BG ≃ limSpecA→BG θ(SpecA) (see
A.6 for PMod⊗BG).
Lemma 4.12. If we denote by Map(AffR)/BG((AffR)/BG,M) the simplicial set of the sec-
tions of p :M→ (AffR)/BG (i.e., the set of n-simplexes of Map(AffR)/BG((AffR)/BG,M)
is the set of (AffR)/BG ×∆n →M over (AffR)/BG), then there is a categorical equiva-
lence Map⊗(C⊗,PMod⊗BG) ≃ Fun(AffR)/BG((AffR)/BG,M).
Proof. It follows from [32, 3.3.3.2]. ✷
Proposition 4.13. There is a natural equivalence
MapCAlg(Cat∞)
/PMod⊗
R
(C⊗,PRep⊗G) ≃ MapFun(CAlgR,Grp(S))(G,Aut(ω))
in S. This equivalence is functorial in the following sense: Let L : GAffR → Sop be the
functor which assigns G to MapCAlg(Cat∞)
/PMod⊗
R
(C⊗,PRep⊗G). Let M : GAffR → S
op be
TANNAKIZATION IN DERIVE ALGEBRAIC GEOMETRY 15
the functor which assigns G to MapFun(CAlgR,Grp(S))(G,Aut(F )). (See the proof below
for the formulations of L and M .) Then there exists a natural equivalence from L to
M .
Proof. In order to make our proof readable we first show the first assertion with-
out defining L and M . The mapping space MapCAlg(Cat∞)
/PMod⊗
R
(C⊗,PMod⊗BG) is the
homotopy limit (i.e. the limit in S)
Map⊗(C⊗,PMod⊗BG)×Map⊗(C⊗,PMod⊗R) {ω}
where {ω} = ∆0 → Map⊗(C⊗,PMod⊗R) is determined by ω. The fiber product of Kan
complexes
P = Map(AffR)/BG((AffR)/BG,M)×Map(AffR)/BG (AffR,M)
{ω}
is a homotopy limit since AffR → (AffR)/BG is a monomorphism (that is, a cofibration
in the Cartesian simplicial model category of (not necessarily small) marked simplicial
sets (Ŝet
+
∆)/(AffR)/BG , see [32, 3.1.3.7]) and thus the induced map is a Kan fibration. Here
∆0 = {ω} → Map(AffR)/BG(AffR,M) is determined by ω. Let N :=M×(AffR)/BG AffR
where AffR → (AffR)/BG is determined by the natural map SpecR → BG. Using
the Cartesian equivalence N ×AffR (AffR)/BG ≃ M over (AffR)/BG we have homotopy
equivalences
Map(AffR)/BG((AffR)/BG,M) ≃ MapAffR((AffR)/BG,N )
and
Map(AffR)/BG(AffR,M) ≃ MapAffR(AffR,N ).
Thus P is homotopy equivalent to the fiber product
Q = MapAffR((AffR)/BG,N )×MapAffR(AffR,N ) {ω}
which is also a homotopy limit, where ∆0 = {ω} → MapAffR(AffR,N ) is determined by
the section AffR → N corresponding to ω : C⊗ → PMod
⊗
R. We let αBG : CAlgR → S be
a map correspoindig to the right fibration (AffR)/BG → AffR via the straightening func-
tor. There is the natural transformation α∗ → αBG determined by AffR → (AffR)/BG,
which we consider to be a functor CAlgR → S∗,≥1. Here S∗,≥1 denotes the full subcat-
egory of S∗ spanned by pointed connected spaces. Let αN : CAlgR → S∗ be a functor
corresponding to the right fibration N → AffR equipped with the section AffR → N .
Observe that MapFun(CAlg,S∗)(αBG, αN ) is homotopy equivalent to Q. By composition
with Ω∗ : S∗ → Grp(S) we have G : CAlgR
BG
→ S∗,≥1 ≃ Grp(S) (that is, the composition
is the original derived group scheme G). Let α′N be an object in Fun(CAlgR,S∗,≥1)
such that α′N (A) is the pointed connected component determined by αN (A). Then we
obtain
Q ≃ MapFun(CAlgR,S∗)(αBG, αN )
≃ MapFun(CAlgR,S∗)(αBG, α
′
N )
≃ MapFun(CAlgR,Grp(S))(G,Aut(ω)).
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Next to see (and formulate) the latter assertion, we will define L and M . We
first define L. Since a derived affine group scheme is a group object in the Carte-
sian symmetric monoidal ∞-category of AffR, thus GAffR is naturally embedded into
Fun(N(∆)op,Fun(CAlgR,S)) as a full subcategory. Let Fun(N(∆)
op,Fun(CAlgR,S))→
Fun(CAlgR,S) be the functor taking each simplicial object N(∆)
op → Fun(CAlgR, Ŝ)
to its colimit. Let ρ : GAffR → Fun(CAlgR,S) be the composition. Note that G maps
to BG. By the straightening and unstraightening functors [32, 3.2] together with [32,
4.2.4.4], we have the categorical equivalence Fun(CAlgR, Ĉat∞) ≃ N(((Ŝet
+
∆)/AffR)
cf)
where (Ŝet
+
∆)/AffR is the category of (not necessarily small) marked simplicial sets,
which is endowed with the Cartesian model structure in [32, 3.1.3.7] and (−)cf in-
dicates full simplicial subcategory of cofibrant-fibrant objects. In particular, there is
the fully faithful functor Fun(CAlgR, Ŝ) → N(((Ŝet
+
∆)/AffR)
cf) which carries BG to
(AffR)/BG → AffR. Composing all these functors we have the composition
GAffR
ρ
→ Fun(CAlgR,S)→ N(((Ŝet
+
∆)/AffR)
cf).
Since GAffR ≃ (GAffR)SpecR/, the composition is extended to u : GAffR → N(((Ŝet
+
∆)/AffR)
cf)AffR /.
Through Yoneda embedding
N(((Ŝet
+
∆)/AffR)
cf)AffR / → Fun((N(((Ŝet
+
∆)/AffR)
cf)AffR /)
op, Ŝ)
we define I : (N(((Ŝet
+
∆)/AffR)
cf)AffR /)
op → Ŝ to be the functor corresponding to N →
AffR equipped with the section ω. Composing I
op with GAffR → N(((Ŝet
+
∆)/AffR)
cf)AffR /
we define L to be GAffR → Ŝop. To defineM , consider the functor Fun(CAlgR,Grp(S))→
Ŝop determined by Aut(ω) via Yoneda embedding. Then we define M to be the com-
position
GAffR →֒ Fun(CAlgR,Grp(S))→ Ŝ
op.
To obtain L ≃ M , note that the unstraightening functor induces a fully faithful
functor Fun(CAlgR, Ŝ∗) ⊂ N(((Ŝet
+
∆)/AffR)
cf)AffR /. Let N : CAlgR → S∗ be a functor
corresponding to N → AffR equipped with the section ω, that is, N corresponds to
α∗ → αN . Let Fun(CAlgR,S∗) → Ŝ
op be the functor determined by N via Yoneda
embedding. The functor L is equivalent to
GAffR
u
→ Fun(CAlgR, Ŝ∗) ⊂ N(((Ŝet
+
∆)/AffR)
cf)AffR / → Ŝ
op.
Since the essential image of GAffR in Fun(CAlgR,S∗) is contained in Fun(CAlgR,S∗,≥1),
for our purpose we may and will replace αN by α
′
N (in the construction of N) and
assume that N belongs to Fun(CAlgR,S∗,≥1). Then we see that L is equivalent to
GAffR → Fun(CAlgR,S∗,≥1) ≃ Fun(CAlgR,Grp(S))→ Ŝ
op
where the first functor is induced by u and the third functor is determined by Aut(ω)
via Yoneda embedding. Now the last composition is equivalent to M . ✷
Now we are ready to prove the following:
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Theorem 4.14. There are a derived affine group scheme G over R and a symmetric
monoidal functor u : C⊗ → PRep⊗G which makes the outer triangle in
PMod⊗G

forget
✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽
PRep⊗H
forget %%❑
❑❑
❑❑
❑❑
❑❑
C⊗
;;①①①①①①①①①
u
EE✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡
ω
// PMod⊗R
commute in CAlg(Cat∞) such that these possess the following universality: for any
inner triangle consisting of solid arrows in the above diagram where H is a derived
affine group scheme over R, there exists a morphism f : H → G of derived affine
group schemes which induces PRep⊗G → PRep
⊗
H (indicated by the dotted arrow) filling
the above diagram. Such f is unique up to a contractible space of choices. Moreover,
the automorphism group functor Aut(ω) is represented by G.
Proof. Take a derived affine group scheme G over R which represents Aut(ω) by
Proposition 4.11. By Proposition 4.13, we have a symmetric monoidal functor C⊗ →
PRep⊗G that corresponds to the identity G ≃ Aut(ω)→ Aut(ω). Then Proposition 4.13
implies our claim. ✷
We usually refer to (G, C⊗
u
→ PMod⊗G) (or simply G) in Theorem 4.14 as the tan-
nakization of ω : C⊗ → PMod⊗R.
The following properties are easy but useful.
Proposition 4.15. Let {C⊗i }i∈I be a (small) collection of symmetric monoidal ful
subcategories of C⊗. Assume that for any finite subset J ⊂ I, there is some i ∈ I such
that
⋃
j∈J Ci ⊂ Ci. Suppose further that
⋃
i∈I Ci = C. Let ωi : C
⊗
i →֒ C
⊗ ω→ PMod⊗R be
the composite and let Gi be the tannakization of the composite. Then if G denotes the
tannakization of ω, then G ≃ limi∈I Gi.
Proof. The collection {C⊗i }i∈I constitutes a filtered partially ordered set ordered
by inclusions. As a consequence, according to [33, 3.2.3.2], the condition
⋃
i∈I Ci = C
implies that C⊗ is a colimit of {C⊗i }i∈I in CAlg(Cat∞). It implies our claim (by noting
the limit of derived affine schemes commutes with the limit as functors CAlgR → S).
✷
Proposition 4.16. We adopt the notion of the previous Proposition. Let R → R′ be
a morphism in CAlg. Then the tannakization of the composite C⊗
ω
→ PMod⊗R
⊗RR
′
→
PMod⊗R′ is G×SpecR SpecR
′.
5. Derived motivic Galois group
In this Section we will construct derived motivic Galois groups of mixed motives,
their variants, and truncated (underived) motivic Galois groups. The term “derived”
in the title of this Section stems from the tannakization of the “highly structured”
category: stable ∞-category of mixed motives (see Remark 5.18). For our purposes,
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we apply Theorem 4.14 to the stable ∞-category of mixed motives endowed with the
homological realization functor of a mixed Weil cohomology. To this end, we need
to construct the realization functor of a mixed Weil cohomology theory in the ∞-
categorical setting.
5.1. ∞-category of mixed motives. We construct the∞-category of mixed motives.
We first construct a stable∞-category of motivic spectra. There are several approaches
to construct it. Let S be a scheme separated and of finite type over Z. Let SmS be the
category of smooth scheme separated and of finite type over S. One can perform the
construction of Morel and Voevodsky ([36], [48]) in the setting of ∞-categories. On
the other hand, there are several model categories of motivic spectra (e.g., [25], [23],
[15], [11]). Then the passage from model categories to ∞-categories allows us to have
an ∞-category of motivic spectra. In this paper we will adopt the latter approach.
Especially, we use the model category of symmetric Tate spectra described in [11, 1.4.3],
where Cisinski and De´glise introduced the theory of the mixed Weil theory which gives
us the very powerful method for constructing realization functors.
Symmetric Tate spectra. We shall refer ourselves to [10] and [11] for the model cate-
gory of symmetric Tate spectra. We here recall the minimal definitions for symmetric
Tate spectra. Let R be an (ordinary) commutative ring and Sh(SmS, R) the abelian
category of Nisnevich sheaves of R-modules. Let Comp(Sh(SmS, R)) be the category
of complexes of objects in Sh(SmS, R). This is a symmetric monoidal category. For the
symmetric monoidal structure of complexes of objects in a symmetric monoidal abelian
category, see e.g. [10, 3.1]. For any X ∈ SmS, we write R(X) for the Nisnevich sheaf
associated to the presheaf given by Y 7→ ⊕f∈HomSmS (Y,X)R ·f where ⊕f∈HomSmS (Y,X)R ·f
is the free R-module generated by the set HomSmS(Y,X). It gives rise to a functor
SmS → Comp(Sh(SmS, R)). Let R(1)[1] ∈ Comp(Sh(SmS, R)) be the cokernel of the
split monomorphism R(S)→ R(Gm) determined by the unit S → Gm = SpecS[t, t−1]
of the torus. A symmetric Tate sequence is a sequence {En}n∈N where En is an object
of Comp(Sh(SmS, R)) which is equipped with an action by the symmteric group Sn
for each n ∈ N. A morphism {En}n∈N → {Fn}n∈N is a collection of Sn-equivariant
maps En → Fn. Let STate(R) be the category of symmetric Tate sequences. Let S′
be the category of finite sets whose morphisms are bijections. Then the category of
functors from S′ to Comp(Sh(SmS, R)) is naturally equivalent to the category of sym-
metric Tate sequences (To F : S′ → Comp(Sh(SmS, R)) we associate {En = F (n¯)}n∈N
if n¯ is {1, . . . , n}). For E, F : S′ → Comp(Sh(SmS, R)), the tensor product is de-
fined to be S′ → Comp(Sh(SmS, R)) given by N 7→
⊕
N=P⊔QE(P ) ⊗ F (Q). It
yields a symmetric monoidal structure on the category of symmetric Tate sequences.
Let Sym(R(1)) denote a symmetric Tate sequence {R(1)⊗n}n∈N such that Sn acts on
R(1)⊗n by permutation. The canonical isomorphism R(1)⊗n⊗R(1)⊗m → R(1)⊗n+m is
Sn ×Sm-equivariant when Sn ×Sm acts on R(1)⊗n+m through the natural inclusion
Sn × Sm → Sn+m. Unwinding the definition of tensor product of symmetric Tate
sequences we have a morphism
Sym(R(1))⊗ Sym(R(1))→ Sym(R(1))
which makes Sym(R(1)) a commutative algebra object in STate. Let SpTate(R) be the
category of modules in STate(R) over the commutative algebra object Sym(R(1)). We
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call an object in SpTate(R) a symmetric Tate spectrum. In [11, 1.4.2], the classes of
stable A1-equivalences, stable A1-fibrations are defined (these are important, but we
will not recall them here since we need preliminaries). In [11, 1.4.3] (see also [10]), the
model category structure of SpTate(R) is constructed:
Proposition 5.1. The category SpTate(R) is a stable proper cellular symmetric monoidal
model category with stable A1-equivalences as weak equivalences, and stable A1-fibrations
as fibrations.
Remark 5.2. A pointed model category is stable if the suspention functor induces an
equivalence of the homotopy category (cf. [22]).
Lemma 5.3. The category SpTate(R) is presentable. In particular, it is a combinatorial
model category.
Proof. We first remark that our notion of presentable categories is equivalent to
locally presentable categories in [1]. Observe that STate(R) is presentable. Since
Comp(Sh(SmS, R)) is presentable and STate(R) can be identified with the functor cat-
egory from S′ to STate(R), thus by [32, 5.5.3.6] we see that STate(R) is presentable.
Then according to [33, 3.4.4.2] the category SpTate(R) of modules over Sym(R(1)) is
presentable. ✷
Let Comp(R) be the category of chain complexes of R-modules. There is a com-
binatorial symmetric monoidal model structure of Comp(R) whose weak equivalences
are quasi-isomorphisms and whose fibrations are degreewise surjective maps. The
complex R (concentrated in degree zero) is a cofibrant unit. This model structure is
called the projective model structure ([22]). There is a symmetric monoidal functor
Comp(R) → Comp(Sh(SmS, R)) which carries a complex N to the constant functor
with value N . For any A ∈ Comp(R) → Comp(Sh(SmS, R)), we have the symmetric
Tate spectrum {R(1)⊗n ⊗A}n∈N such that Sn acts on R(1)
⊗n ⊗A by permutation on
R(1)⊗n. This determines the infinite suspention functor
Σ∞ : Comp(Sh(SmS, R))→ SpTate(R)
which is symmetric monoidal (see [11, 1.4.2.1]). According to [11, 1.2.5, 1.4.2], the
composition
Comp(R)→ Comp(Sh(SmS, R))→ SpTate(R)
is a (symmetric monoidal) left Quillen functor. By composition, we also have
L : SmS → Comp(Sh(SmS, R))
Σ∞
→ SpTate(R).
Localizations. Now we recall an elegant localization method which transform model
categories into ∞-categories (cf. [33, 1.3.4.1, 1.3.1.15, 4.1.3.4]). Let (C,W ) be a pair
of an ∞-category C and a collection W of edges in C which contains all degenerate
edges. We say that a map f : C → D exhibits D as the ∞-category obtained from
C by inverting the edges in W when for any ∞-category E , the functor f induces a
fully faithful functor Fun(D, E)→ Fun(C, E) whose essential image consists of functors
which sends edges in W to equivalences in E . The fibrant replacement (C,W )→ D of
the model category Set+∆ of marked simplicial sets (see [32, 3.1]) exhibits D as the ∞-
category obtained from C by inverting the edges inW . For a model category M, let Mc
be the full subcategory consisiting of cofibrant objects and W the collection of edges
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in N(Mc) which correspond to weak equivalences in Mc. Then we denote by N(Mc)∞
the∞-category obtained from N(Mc) by inverting edges in W . When M is a combina-
torial model category, N(Mc)∞ is a presentable ∞-category. A left Quillen equivalence
M → N induces a categorical equivalence N(Mc)∞ → N(Nc)∞. A homotopy (co)limit
diagram in M corresponds to a (co)limit diagram (see [33, 1.3.4.23, .1.3.4.24]). In
virtue of [33, 4.1.3.4], if M is a symmetric monoidal model category, the localization
N(Mc)→ N(Mc)∞ is promoted to a symmetric monoidal functor N(Mc)⊗ → N(Mc)⊗∞
whose underlying functor can be identified with N(Mc)→ N(Mc)∞. The tensor prod-
uct N(Mc)∞×N(M
c)∞ → N(M
c)∞ preserves small colimits separately in each variable
since for any M ∈ Mc, (−) ⊗M : M → M and M ⊗ (−) : M → M are left Quillen
functors.
Next we apply this localization to the symmetric monoidal left Quillen functor
Comp(R) → SpTate(R). Then we have a symmetric monoidal functor of symmetric
monoidal presentable ∞-categories
N(Comp(R)c)⊗∞ −→ N(SpTate(R)
c)⊗∞
which preserves small colimits. We set D⊗(R) = N(Comp(R)c)⊗ and Sp⊗Tate(R) =
N(SpTate(R)
c)⊗∞. When we consider the underlying∞-category, we drop the superscript
⊗. The following Proposition implies that the ∞-categories D(R) and SpTate(R) are
stable.
Proposition 5.4. Let M be a combinatorial stable model category. Then the ∞-
category N(Mc)∞ is stable and presentable.
Proof. The presentability is due to [33, 1.3.4.22].
Let C = N(Mc)∞. We first observe that C is pointed, that is, there is an object
which is both initial and final. According to [13], the combinatorial model category
M is Quillen equivalent to a combinatorial simplicial model category M′. By [33,
1.3.4.20] C is equivalent to the nerve N((M′)◦) where (M′)◦ is the fibrant simplicial
category of full subcategory of M′ spanned by cofibrant-fibrant objects. In particular,
the homotopy category of C is equivalent to the homotopy category of N((M′)◦) which
is equipped with a structure of a triangulated category. Let 0 be a zero object in M
which is cofibrant and fibrant. We will show that the image 0′ of 0 in C is a zero
object. We prove only that 0′ is an initial object. The dual argument shows that 0′
is also a final object. By the hammock localization [14, 4.4, 4.7, 5.4] together with
the equivalence C ≃ N((M′)◦), we may identified with C with the nerve of the fibrant
replacement of the hammock localization of M◦ (see also [33, 1.3.4.16]). Thus for any
X ∈ M◦, the homotopy type of the mapping space from 0 to X can be calculated by
using a simplicial frame of X (cf. [22, 5.4]) and we conclude that the homotopy type
is trivial. Hence C is pointed. Since C is presentable, it has small colimits and limits.
Therefore by [34, I, 10.12], it is enough to prove that the suspension functor Σ induces
a categorical equivalence C → C. Note that by our assumption and [33, 1.3.4.24] the
suspention functor induces an equivalence of the homotopy category
Σ : h(C) −→ h(C).
In particular, Σ : C → C is essentially surjective. We claim that Σ : C → C is
fuuly faithful. It will suffices to show that the suspention functor induces a homotopy
equivalence MapC(C,D) → MapC(Σ(C),Σ(D)) for any two objects C,D ∈ C. Note
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that MapC(C,D) is pointed by the zero map and the natural map MapC(Σ(C), D)→
ΩMapC(C,D) is a homotopy equivalence. It follows that the n-th homotopy group
πn(MapC(C,D)) can be identified with π0(MapC(Σ
n(C), D)). We conclude that the
map πn(MapC(C,D)) → πn(MapC(Σ(C),Σ(D))) can be identified with the bijective
map π0(MapC(Σ
n(C), D))→ π0(MapC(Σ
n+1(C),Σ(D))), as desired. ✷
Let K be a field of characteristic zero. Let HK be the motivic Eilenberg-MacLane
spectrum which is a commutative algebra object in SpTate(K) (see e.g. [39]).
When R is a commutative algebra object in SpTate(K) we denote by SpTate(R) the
category of module objects in SpTate(K) over R (see [41, Section 4]).
According to [11, 1.5.2] built on [41, 4.1], there is a combinatorial symmetric monoidal
model category structure on SpTate(R) such that a morphism is a weak equivalence
(resp. fibration) in SpTate(R) if the underlying morphism in SpTate(K) is a weak
equivalence (resp. fibration). The base change functor SpTate(K) → SpTate(HK) is
a symmetric monoidal left Quillen functor. By inverting by weak equivalences we have
a symmetric monoidal functor of symmetric monoidal ∞-categories
Sp⊗Tate(K)→ Sp
⊗
Tate(HK) := N(Sp
⊗
Tate(HK)
c)⊗∞
which preserves small colimits. We remark that Sp⊗Tate(HK) is stable by [33, 4.3.3.17,
8.1.1.4] and Proposition 5.4.
Remark 5.5. There is no reason to assume that K is a field of characteristic zero in
the above discussion. We can replace K by an arbitrary commutative ring R. But in
what follows we use the notion of mixed Weil theory which works over K.
Remark 5.6. Let S be the Zariski spectrum of a perfect field k. Let R be an ordinary
commutative ring. Let CorR be the Suslin-Voevodsky’s R-linear category of finite
correspondences. Here by an R-linear category, we mean a category enriched over the
symmetric monoidal category of R-modules. An R-linear functor means an (obvious)
enriched functor. See [28] for the overview of enriched categories. An object in CorR is
a smooth scheme over S, that is, an object in SmS. The hom R-module HomCorR(X, Y )
is a free R-module generated by the set of reduced irreducible closed subscheme W ∈
X×kY such that the natural morphismW → X is finite and its image is an irreducible
component of X . The composition
HomCorR(X, Y )⊗R HomCorR(Y, Z)→ HomCorR(X,Z), W ⊗W
′ 7→W ′ ◦W,
whereW andW ′ are actual reduced irreducible subschemes, is determined byW ′◦W =
the push-forward by the projection X×k Y ×kZ → X×kZ of the intersection product
(W ×kZ)∩(X×kW ′). By the formula X⊗Y = X×S Y CorR is a symmetric monoidal
category. There is a natural map SmS → CorR which sends a smooth scheme X to X
and sends morphisms X → Y to their graphs in X ×k Y . A Nisnevich sheaf of (R-
modules) with transfers is a contravariant R-linear functor on CorR into the category
of R-modules, which is a Nisnevich sheaf on the restriction to SmS. Let Sh(CorR)
be the abelian category of Nisnevich sheaves with transfers. As the construction of
the model category SpTate(R), in [10, 7.15] the symmetric monoidal model category of
DM(S) is constructed (we here employ the notation DM(S) in [10, 7.15]): we start
with the category Comp(Sh(CorR)) and take the localization of it by A
1-homotopy
equivalence and stabilize the Tate sphere (this is only the rough strategy, for the detail
we refer the reader to [10]). Suppose R = K. There is a left Quillen adjoint symmetric
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monoidal functor SpTate(HK)→ DM(S), which induces a Quillen equivalence (proved
by using alteration [39, Theorem 68], [11, 2.7.9.1]). It gives rise to an equivalence of
symmetric monoidal stable ∞-categories
SpTate(HK)→ DM(k) := N(DM(S)
c)∞.
Thanks to [11, 2.7.10] compact objects and dualizable objects coincide in SpTate(HK).
(We say that an object is dualizable if it have a strong dual in the sense in loc.
cite.) The full subcategory SpTate(HK)cpt of the homotopy category of SpTate(HK) ≃
DM(k) spanned by compact objects is equivalent to Voevodsky’s category DMgm(k)
of geometric motives with coefficients in K. The triangulated category DMgm(k) is
anti-equivalent to Hanamura’s category [18] and Levine’s category [31] (with rational
coefficients).
We summarize the properties of SpTate(HK) ≃ DM(k) as follows:
Proposition 5.7. The ∞-category SpTate(HK) ≃ DM(k) is stable and presentable.
Moreover, it is compactly generated (cf. [32, 5.5.7.1]). Both compact objects and dual-
izable obejcts coincide.
Proof. See Proposition 5.4 and Remark 5.6. ✷
Mixed Weil cohomologies. Suppose that the base scheme S is a perfect field k. Let
E be a mixed Weil theory in the sense of Cisinski-De´glise [11, Section 2.1]. A mixed
Weil theory is a presheaf E on SmS (or the category of affine smooth k-schemes) of
commutative differential graded K-algebras which satisfies A1-homotopy invariance,
the descent property and axioms on dimension, stability, Ku¨nneth formula (see for the
detail [11, 2.1.2]). For example, in loc. cite., it is shown that algebraic and analytic
de Rham cohomologies, rigid cohomology, and l-adic e´tale cohomology are mixed Weil
theories. To a mixed Weil theory E we associate a commutative algbera object E in
SpTate(K), that is, a commutative ring spectrum (see [11, 2.1.5]). Let HK ⊗K E be
the (derived) tensor product which is a commutative algebra object in SpTate(K) (see
[11, 2.7.8] and its proof). By [11, 2.7.6], the natural homomorphism E → HK ⊗K
E (induced by the structure homomorphism K → HK) is an isomorphism in the
homotopy category of commutative algebra objects. The homomorphism E→ HK⊗K
E determines a symmetric monoidal functor Sp⊗Tate(E)→ Sp
⊗
Tate(HK⊗KE) which is left
Quillen. The induced symmetric monoidal functor ρ : Sp⊗Tate(E) → Sp
⊗
Tate(HK ⊗K E)
is an equivalence (since the underlying functor is a categorical equivalence). Similarly,
there is a symmetric monoidal functor Sp⊗Tate(HK) → Sp
⊗
Tate(HK ⊗K E) determined
by the natural homomorphism HK→ HK⊗KE. Composing these functors we obtain
D⊗(K)→ Sp⊗Tate(K)→ Sp
⊗
Tate(HK) ≃ DM
⊗(k)→ Sp⊗Tate(HK⊗K E)
ρ−1
→ Sp⊗Tate(E)
where ρ−1 is a homotopy inverse of ρ.
Lemma 5.8. Let φ : C → D be an exact functor of stable ∞-categories. Let h(C)
and h(D) be the homotopy categories of C and D respectively. Suppose that h(φ) :
h(C)→ h(D) is a categorical equivalence of ordinary categories. Then φ is a categorical
equivalence.
TANNAKIZATION IN DERIVE ALGEBRAIC GEOMETRY 23
Proof. It is clear that φ is essentially surjective. It suffices to show that forM,N ∈
C, φ induces an equivalence
MapC(M,N)→ MapD(φ(M), φ(N))
in S. We are reduced to proving that the composition
π0(MapC(Σ
nM,N))) ≃ πn (MapC(M,N))
→ πn(MapD(φ(M), φ(N))) ≃ π0(MapC(Σ
nφ(M), φ(N)))
is a bijective where πn(−) denotes the n-th homotopy group and Σ is the suspention
functor that is compatible with φ. Now our assertion follows from our assumption. ✷
Lemma 5.9. The composition D⊗(K) → Sp⊗Tate(E) is an equivalence of symmetric
monoidal ∞-categories.
Proof. It is enough to show that the underlying functor is a categorical equiv-
alence. By Lemma 5.8 it suffices to prove that the induced functor of homotopy
categories h(D(K)) → h(SpTate(E)) is an equivalence. The right adjoint of this func-
tor is described as DA1(k,E) = h(SpTate(E)) → D(K) = h(D(K)) given by M 7→
RHomE(E,M) where we use the notation DA1(k,E), D(K) and RHomE(E,M) in
[11] (namely, the right adjoint is given by the “Hom complex” RHomE(E,M) in
h(SpTate(E))). This right adjoint is an equivalence by [11, 2.7.11] and thus h(D(K))→
h(SpTate(E)) is so. ✷
Let HK be the (not motivic) Eilenberg-MacLane commutative ring spectrum of K
in Sp.
Proposition 5.10. There is an equivalence Mod⊗HK → D
⊗(K) of symmetric monoidal
∞-categories.
Proof. This immediately follows from [33, 8.1.2.13]. ✷
Remark 5.11. There is no need to assume that K is a field. The proof is valid for
any commutative ring.
Definition 5.12. By Proposition 5.10 and Lemma 5.9, we obtain a symmetric monoidal
functor
RE : Sp
⊗
Tate(HK) ≃ DM
⊗(k)→ Sp⊗Tate(HK⊗K E)
ρ−1
→ Sp⊗Tate(E) ≃ Mod
⊗
HK .
We refer to is as the realization functor assosiated to E.
5.2. The construction of motivic Galois groups. For a mixed Weil thoery E, we
have
Sp⊗Tate(HK) ≃ DM
⊗(k)
RE // Mod⊗HK .
For example, suppose that S = Spec k is the Zariski spectrum of a field of characteristic
zero and K = k. Let E be the mixed Weil theory of algebraic de Rham cohomology
and L(X) the image of smooth scheme X ∈ SmS in Sp
⊗
Tate(HK). Then RE carries
L(X) to the dual of the complex computing the de Rham cohomology of X .
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By Remark 5.6, in Mod⊗HK and Sp
⊗
Tate(HK), compact objects and dualizable objects
coincide respectively. This diagram induces the diagram of full subcategories of du-
aliziable objects whose underlying ∞-categories are small stable idempotent complete
∞-categoires (♥):
Sp⊗Tate(HK)∨ ≃ DM
⊗
∨ (k)
RE // PMod⊗HK
where RE is the restriction of the realization functor (we abuse notation).
Definition 5.13. We apply Theorem 4.14 to the realization functor (♥) and obtain
a derived affine group scheme MGE over HK which we shall call the derived motivic
Galois group associated to the mixed Weil theory E. There is a diagram of symmetic
monoidal stable idempotent complete ∞-categories
DM⊗∨ (k)
RE %%▲▲
▲▲
▲▲
▲▲
▲▲
// PRep⊗MGE
xxqqq
qq
qq
qq
q
PMod⊗HK
where PRep⊗MGE is the symmetric monoidal stable idempotent complete ∞-category
of perfect representations of MGE (see Appendix A.6) and PMod
⊗
MGE
→ PMod⊗HK
is the forgetful functor. When E is clear, we often write MG for MGE. If we let
MGE = SpecBE , then we can choose BE to be a commutative differential graded
K-algebra BE by virtue of the well-known categorical equivalence between the ∞-
category of commutative HK-ring spectra and that of commutative differential graded
K-algebras (cf. e.g. [33, 8.1.4.11]).
Theorem 5.14. The derived affine group scheme MGE = SpecBE has the universality
described in Theorem 4.14 and represents the automorphism group functor Aut(RE).
Remark 5.15. Since K is a field of characteristic zero, to work with MGE , we may
employ complicial algebraic geometry [46, II, 2.3]. But when one wants to apply our
tannakization to the integral Betti realization and obtain motivic Galois group over
HZ, we need the brave new derived algebraic geometry [46, II, 2.4], [34].
Variants. Theorem 4.14 is quite powerful. We can also construct a derived affine
group scheme from any symmetric monoidal (full) subcategory in DM⊗∨ (k). Let S
⊗ ⊂
DM⊗∨ (k) be a symmetric monoidal full subcategory. In virtue of Theorem 4.14 the
composite
S⊗ →֒ DM⊗∨ (k)
RE−→ PMod⊗HK
yields a derived affine group scheme MGE(S
⊗) over HK. Full subcategories of mixed
Tate motives, Artin motives and so on have been very important examples. As men-
tioned in Introduction, we will investigate the tannakizations of these full subcategories
in a separate paper [24].
Let X be a smooth scheme over k. Letm be an integer. Let DM⊗∨ (k)X(m) denotes the
smallest symmetric monoidal idempotent complete stable subcategory which contains
L(X)(m). The underlying stable ∞-category is the smallest stable subcategory which
contains (L(X)(m))⊗n (n ≥ 0) and is closed under retracts. In this case, we write
MGE(X(m)) for MGE(DM
⊗
∨ (k)X(m)).
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Proposition 5.16. There exists a natural equivalence of derived affine group schemes
MGE
∼
−→ lim
(X,m)
MGE(X(m))
where the right-hand side is the (small) limit of derived affine group schemes, and pairs
(X,m) run over smooth projective schemes X and integers m ∈ Z.
Proof. It is enough to show that the colimit
colim(X,m)DM
⊗
∨ (k)X(m)
in CAlg(Cat∞) is equivalent to DM
⊗
∨ (k). It will suffice to prove that the colimit of
the diagram of {DM∨(k)X(m)}(X,m) in Cat∞ is equivalent to the ∞-category DM
⊗
∨ (k).
We are reduced to showing that for any M ∈ DM⊗∨ (k) there exists L(X)(m) such
that M belongs to DM⊗∨ (k)X(m). Note that by Proposition 5.7 there exists a finite
collection of objects {L(X1)(m1), . . . , L(Xr)(mr)} such that M lies in the smallest
stable subcategory which contains all L(Xi)(mi) and is closed under retracts. Therefore
we easily see that there exists L(X)(m) such that M ∈ DM⊗∨ (k)X(m) ✷
Truncated affine group schemes. We can obtain an ordinary affine group scheme over
K from MGE or variants. For this purpose, let dgaK be the category of commutative
differential graded K-algebras. By virtue of [21, 2.2.1] or [33, 8.1.4.10], there is a
combinatorial model category structure on dgaK, in which weak equivalences are quasi-
isomorphisms (of underlying complexes), and fibrations are those maps which induce
levelwise surjective maps. Let dga≥0
K
be the full subcategory of dga
K
spanned by those
objects such that Ai = 0 for any i < 0 (here we use the cohomological indexing).
According to [21, 2.2.1], there is a combinatorial model category structure on dga≥0
K
, in
which weak equivalences are quasi-isomorphisms, and fibrations are those maps which
induce levelwise surjective maps (here one can choose a Sullivan algebra as a cofibrant
replacement, see e.g. [20]). It gives rise to a Quillen adjunction
τ : dgaK ⇄ dga
≥0
K
: ι
where the right adjoint ι : dga≥0
K
→ dgaK is the inclusion. The left adjoint sends A to
its quotient by differential graded ideal generated by elements a ∈ Ai for i < 0. By
the localization, we have the induced adjunction
CAlgHK ≃ N(dga
c
K
)∞ ⇄ N((dga
≥0
K
)c)∞
(cf. [33, 1.3.4.26] and adjoint functor theorem [33, 5.5.2.9]), where the right ad-
joint is fully faithful. For the first equivalence, see [33, 8.1.4.11]. Hence by adjunc-
tion, Spec τBE represents N((dga
≥0
K
)c)∞ →֒ CAlgHK
Aut(RE)
→ Grp(S) (recall MGE =
SpecBE). Next let dga
0
K
be the full subcategory of dga
K
spanned by objects such
that Ai = 0 for i 6= 0, that is, the category of commutative K-algebras. Then there
is a natural adjunction N(dga0
K
) ⇄ N((dga≥0
K
)c)∞, where the right adjoint carries
A to the (homologically) connective cover of A, i.e. H0(A), and the left adjoint is
the natural inclusion. Note that since K is a field there is a natural isomorphism
H0(A ⊗ B) ≃ H0(A) ⊗ H0(B) for A,B ∈ dga≥0
K
. Therefore, the affine scheme
SpecH0(τBE) inherits a group structure from Spec τBE . We refer to the affine group
scheme (i.e. pro-algebraic group)
MGE = SpecH
0(τBE)
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as the underived motivic Galois group. The affine group schemeMGE has the following
important property:
Theorem 5.17. Let K be a K-field. Let Aut(RE)(K) be the group of isomorphism
classes of automorphisms of RE, that is, π0(Aut(RE)(HK)). Then there is a natural
isomorphism of groups
MGE(K) ≃ Aut(RE)(K)
where MGE(K) denotes the group of K-valued points. These isomorphisms are func-
torial among K-fields in the obvious way.
Proof. We first suppose that K = K. Let B′E = τBE . There is a natural morphism
SpecB′E → SpecH
0(B′E) corresponding to H
0(B′E)→ B
′
E. Here Spec(−) is considered
to be a functor N((dga≥0
K
)c)∞ → Grp(S). Let u : SpecK → SpecH0(B′E) be the unit
morphism and let SpecC = SpecK×SpecH0(B′E) SpecB
′
E be the associated (homotopy)
fiber in N((dga≥0
K
)c)op∞. Observe that H
n(B′E) is a free H
0(A)-module for any n ≥ 0. To
see this, note that the commutative Hopf graded algebra H∗(B′E) induces a coaction
Hn(B′E)→ H
n(B′E)⊗KH
0(B′E) of the commutative Hopf algebra H
0(B′E). This action
commutes with the coaction of H0(B′E) on itself. Consequently, the quasi-coherent
module Hn(B′E) on SpecH
0(B′E) descends to SpecK ≃ SpecH
0(B′E)/ SpecH
0(B′E).
It follows that Hn(B′E) has the form L ⊗K H
0(B′E) where L is a vector space. The
freeness implies that Hn(C) ≃ K ⊗H0(B′E) H
n(B′E). In particular, H
0(C) ≃ K. Hence
by [34, VIII, 4.4.8], for any usual K-algebra R, Map
N((dga≥0
K
)c)op∞
(SpecR, SpecC) is
connected. Thus the full subcategory of MapN((dga≥0
K
)c)op∞
(SpecR, SpecB′E) spanned by
morphisms SpecR→ SpecB′E lying over u, is connected. If we replace u by anotherK-
valued point v of MGE via a translation by group action, the same conclusion holds.
Therefore, we have a natural isomorphism Aut(RE)(K) ≃ MGE(K). For a general
K-field K, if we replace B′E by the base change B
′
E ⊗K K, then the same argument
works. ✷
Remark 5.18. The tannakian view of motives is originated from Grothendieck’s idea.
For the original ideas of motivic Galois groups and motivations, we refer the reader
to [3]. The guiding principle behind our work is that the stable ∞-category of mixed
motives (or so-called geometric motives) should naturally constitute a “tannakian cat-
egory” in the setting of ∞-categories. It is considered to be a version of the original
idea, which is generalized to the realm of higher category theory. Arguably, a con-
jectural abelian (furthermore tannakian) category of mixed motives is defined as the
heart of DM⊗∨ (k) endowed with a conjectural motivic t-structure. Here a motivic t-
structure is a nongenerate t-structure on the homotopy category of DM∨(k), such that
⊗ : DM∨(k) × DM∨(k) → DM∨(k) and the realization functor are t-exact. The ex-
istence of a motivic t-structure is a hard problem, and recently Beilinson [6] shows
that the existence of a motivic t-structure implies Grothendieck’s standard conjectures
(cf. [3, Chapitre 5]) in characteristic zero. Conversely, Hanamura [19] proves that
a “generalized standard conjectures” including Beilinson-Soule´ vanishing conjecture
imply the existence of a motivic t-structure. (It is worth remarking that a construc-
tion of a motivic Galois group for numerical pure motives also needs the standard
conjectures, see [3].) These conjectures in full generality are largely inaccessible by
TANNAKIZATION IN DERIVE ALGEBRAIC GEOMETRY 27
now. The idea of us is to start with the ∞-category DM⊗(k) endowed with the real-
ization functor into ∞-category of complexes, partly motivated by “derived tannakian
philosophy”. The reader might raise an objection to our construction of the motivic
Galois group as a derived affine group scheme. (But we can extract a usual group
scheme from it as above.) We do not think that this is the drawback. Rather, the
derived affine group scheme MG = SpecB should capture the interesting new data
of “highly structured” category DM(k) of mixed motives which may not arise from
a conjectural abelian category of mixed motives. Suppose that a motivic t-structure
exists and let MM be its heart. Let Db(MM) be the bounded derived category (if
exists) and let Db(MM) → DMgm(k) be the natural functor. The problem whether
or not Db(MM)→ DMgm(k) is an equivalence is mysterious. Thus, at least a priori,
we can think that DM⊗∨ (k) has richer information thanMM. We morally think of the
part of higher and lower homotopy data of MG as the data of DM(k) which can not be
determined by the abelian category MM. Beside, this might reveal new insights on
the motivic Galois group of a conjectural abelian category of mixed motives.
In the case of mixed Tate motives, Beilinson-Soule´ vanishing conjecture implies
the existence of a motivic t-structure on the triangulated subcategory of mixed Tate
motives, by the work of Kriz-May [29], Levine [30]. In [7] and [29], the bar construction
of a motivic dg-algebra is used, and it yields a derived affine group scheme. Recently,
using bar constructions Spitzweck has constructed the derived affine group scheme such
that its representation category is equivalent to the (∞-)category of (integral) mixed
Tate motives, see [42]. This construction can be viewed as Beilinson-Soule´ vanishing
conjecture-free and K(π, 1)-property-free approach. In [24], as mentioned before, we
study the tannakzaiton of ∞-category of mixed Tate motives, which is related to the
so-called motivic Galois group for mixed Tate motives.
Remark 5.19. There is the natural functor DM⊗∨ (k) −→ PRep
⊗
MGE
. It seems reason-
able to conjecture that this functor is an equivalence. This conjecture is a refinement
of [3, 22.1.4.1 (ii)] which says that the realization functor is conservative, that is,
RE(M) = 0 implies that M = 0. Of course, this functor is universal among func-
tors into the ∞-categories of complexes of the representations of affine groups over
K. Namely, let f : DM⊗∨ (k) → PRep
⊗
G be a functor which commutes with functors to
PMod⊗HK where G is a usual affine group scheme over K (considered as the derived
affine group scheme). Then there exists a homomorphism G → MGE which induces
PMod⊗MGE → PMod
⊗
G such that the composition DM
⊗
∨ (k) → PRep
⊗
MGE
→ PRep⊗G is
equivalent to f . An example of such G we should keep in mind is the Tannaka dual
of the abelian category of finite dimensional continuous l-adic representations of the
absolute Galois group (when K = Ql and E is the mixed Weil theory of l-adic e´tale
cohomology). Another important example is the Tannaka dual of the abelian category
of mixed Hodge structures.
Remark 5.20. There has been Nori’s abelian category of mixed motives (see [2]) and
its motivic Galois group MGNori. It is natural to consider that the relationship between
our MG and MGNori. Our MG is directly related with DM
⊗(k) and the realization
functor, and this question depends on the relation between DM⊗(k) and (∞-categorical
setup of) the derived category of Nori’s abelian category, which seems out of reach at
the present time.
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6. Other examples
In this Section, we will present some other examples for the applications of tan-
nakizations. To avoid getting this Section long, we only mention examples which one
can define quickly.
6.1. Perfect complexes of derived stacks. Let R be a commutative ring spectrum.
Let X be a derived stack over R (for this notion, we refer to [46], [34], or [24]). Let
Perf⊗(X ) be the symmetric monoidal stable ∞-category of perfect complexes on X .
Here we define Perf⊗(X ) to be the limit limSpecA→X PMod
⊗
A in CAlg(Cat∞) where
SpecA → X run over smooth morphisms with A ∈ CAlgR. Let p : SpecR → X be
a morphism of derived stacks over R. We have the pullback functor
p∗ : Perf⊗(X )→ PMod⊗R ≃ Perf
⊗(SpecR)
which is an R-linear symmetric monoidal exact functor. It gives rise to its tannakzi-
ation; a derived affine group scheme over R. We can think this as a generalization of
bar constructions of commutative ring spectra. In [24] we study this issue in detail.
6.2. Topological spaces. Let R be a connective commutative ring spectrum. Let S
be a topological space which we regard as an object in S. Let p : ∆0 → S denote a
point. We can view S as a constant functor belonging to Fun(CAlgconR ,S). Let Perf
⊗(S)
be the limit limSpecR→S PMod
⊗
R where SpecR→ S run over ModFun(CAlgconR ,S)(SpecR, S).
We may think of Perf⊗(S) as the symmetric monoidal∞-category of perfect complexes
on S with R-coefficients. The symmetric monoidal∞-category Perf⊗(S) is a small sta-
ble idempotent complete ∞-category. Then the prescribed point p : ∆0 → S induces
Perf⊗(S) // Perf⊗(∆0)
where Perf⊗(∆0) ≃ Perf⊗(SpecR) ≃ PMod⊗R. We then apply the tannakization func-
tor to this diagram. We denote by G(S, p) the associated derived affine group scheme
over R.
When R = HQ, it would be interesting to compare the rational homotopy theory and
G(S, p) over HQ. We speculate on the relation to the de Rham homotopy theory. For
simplicity, S is simply connected of finite type. Let APL(S) be the polynomial de Rham
algebra of S over Q (see e.g. [8]). It is a commutative differential graded Q-algbera.
Since the coefficient is Q, we may regard APL(S) as a coconnective commutative ring
spectrum over HQ (that is, πi(APL(S)) = 0 for i > 0). Let Spec(APL(S)) be the
functor CAlgHQ → S corepresentable by APL(S). The restriction of Spec(APL(S))
to CAlgconHQ is a schematization of S (see [34, VIII, 4.4.2], [44]). There is a natural
base point ρ : Spec(HQ) → Spec(APL(S)) induced by ∆0 → S. The associated
Cˇech nerve of ρ determines a simplicial diagram N(∆)op → AffHQ which is a derived
affine group scheme GPL(S). Then the relationship with de Rham homotopy theory
should be described by an equivalence G(S, p) ≃ GPL(S) of derived group schemes over
HQ (GPL(S) is obtained by the tannakization of the forgetful functor PMod
⊗
APL(S)
→
PMod⊗HQ). We hope that our construction brings a new conceptual insight to rational
homotopy theory and wish to return this issue in the future.
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Appendix A. Derived group schemes.
A.1. Derived schemes. Before proceeding to derived (affine) group schemes, let us
review derived schemes and fix our convention. Let R be a commutative ring spectrum.
Recall that CAlg denotes the ∞-category of commutative ring spectra (commutaive
algebra objects in Sp, i.e. E∞-rings in [33]). We will fix our convention on derived
schemes.
Let us recall the notion of e´tale and flat morphisms in CAlg. We say that a morphism
A→ B in CAlg is e´tale (resp. flat) if it has the following properties:
(1) π0(A)→ π0(B) is e´tale (resp. flat),
(2) the isomorphism π0(B)⊗pi0(A) πn(A) ≃ πn(B) of abelian groups for any n ∈ Z.
If an e´tale (resp. flat) morphism A→ B induces a surjective morphism Spec π0(B)→
Spec π0(A), we say that A→ B is e´tale (resp. flat) surjective.
Let A→ B• be an coaugmented cosimplicial objects in CAlgR. We say that A→ B
•
is an e´tale hypercover if for any n ≥ 0, the natural morphism coskn−1(B•)n → Bn is
e´tale surjective, and A → B0 is e´tale surjective. Here we abute notation by writing
coskn−1(B
•)n for the coskeleton when we consider B
• to be the simplicial object in
(CAlgR)
op.
We say that a functor (or presheaf) P : CAlgR → S is a (hypercomplete e´tale) sheaf
if the following two properties hold:
• if {Aλ} is a finite family of objects in CAlgR, then P (⊓λAλ) ≃ ⊓λP (Aλ)
• Let A→ B• be an e´tale hypercover. Then we have P (A) ≃ lim(P (B•)), where
lim(P (B•)) denotes a limit of the cosimplicial diagram.
Let Sh(CAlgetR) be the full subcategory of Fun(CAlgR, Ŝ) spanned by sheaves. (Ŝ
is the ∞-category of spaces in an enlarged universe.) For any A in CAlgR, we define
SpecA to be a functor CAlgR → S corepresentable by A. This functor is a sheaf.
Namely, SpecA belongs to Sh(CAlgetR). We shall refer to SpecA as the derived affine
scheme (over R) associated to A. Let AffR ⊂ Sh(CAlg
et
R) be the full subcategory
spanned by derived affine schemes over R. Yoneda’s Lemma implies that AffR ≃
(CAlgR)
op. If R is the sphere spectrum, then we usually write Aff for AffR.
A derived scheme is informally a “geometric object” which is “Zariski locally” iso-
morphic to a derived affine scheme. In [34], Lurie develops the approach of ringed
∞-topoi to the definition of derived schemes and derived Deligne-Mumford stacks. We
here take the definition of derived schemes which is similar to Toe¨n-Vezzosi [46]. A
derived scheme over R which has affine diagonal is a sheaf (that is, a contravariant
functor which satisfies the descent condition as above) X : AffopR → Ŝ which has the
following properties (i) and (ii),
(i) for any two morphisms (natural transformations) a : SpecA → X and b :
SpecB → X with derived affine schemes SpecA and SpecB over R, then the
fiber product SpecA ×X SpecB is representable by a derived affine scheme
SpecC,
(ii) there exist the disjoint union of derived affine schemes ⊔λ∈I SpecAλ and a
morphism p : ⊔λ∈I SpecAλ → X such that for any q : SpecB → X and any
λ ∈ I, the base change ⊔λ SpecCλ → SpecB is an e´tale morphism and it
induces an open immersion Spec π0(Cλ) → Spec π0(B) for each λ ∈ I, and a
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surjective morphism ⊔λ Spec π0(Cλ) → Spec π0(B) of ordinary schemes, where
SpecCλ := SpecAλ ×X SpecB.
We denote by SchR the full subcategory spanned by derived schemes over R. (We
assume that all derived schemes have affine diagonal.)
We shall refer to [46, II, 2,4], [34] for the generalities on derived schemes and derived
stacks.
Remark A.1. In this paper we work with the derived algebraic geometry over non-
connective commutative ring spectra (this point is relevant to motivic applications).
A.2. Derived group schemes. A (ordinary) group scheme over a scheme S is a
scheme G which is endowed with morphisms S → G and G×SG→ G that satisfies the
usual group axioms. If one employs the functorial point of view, then a group scheme
is a group-valued functor on the category of commutative rings, which is representable
by a scheme. The notion of derived group schemes is similar to that of group schemes.
The point is that to define the notion of derived group schemes we will replace the
ordinary category of commutative rings by CAlg. As the case of derived schemes, the
notion of group-valued functors on CAlg is not useless. We should treat functors into
group objects in S. We first recall the notion of group objects in∞-categorical settings
(these are also commonly called group-like A∞-spaces in operadic contexts). We refer
to [45] [42] for accounts of this subject including related notions.
Definition A.2. Let C be an∞-category which admits finite limits. A monoid object
is a map f : N(∆)op → C having the property: f([0]) is a final object, and for each
n ∈ N, inclusions {i− 1, i} →֒ [n] for 1 ≤ i ≤ n induce an equivalence
f([n])→ f([1])× . . .× f([1])
where the right hand side is the n-fold product. We denote by Mon(C) the full sub-
category of Fun(N(∆)op, C) spanned by monoid objects.
A groupoid object in C is a functor f : N(∆)op → C with the following property: for
every n and every partition [n] = S ∪ S ′ such that S ∩ S ′ has one element which we
denote by s, the diagram
f([n]) //

f(S)

f(S ′) // f({s})
is a pullback diagram in C (see [32, 6.1.2]). We say that a groupoid object f : N(∆)op →
C is a group object if f([0]) is a final object in C. We denote by Grp(C) the full
subcategory of Fun(N(∆)op, C) that is spanned by group objects in C. Note that Grp(C)
is a full subcategory of Mon(C).
Definition A.3. A derived group scheme over R is a functor
G : CAlgR −→ Grp(S)
such that the composite CAlgR → Grp(S) → S is representable by a derived scheme
X , where the second map Grp(S) → S is induced by {[1]} ⊂ ∆. If X is affine, then
we shall call it an derived affine group scheme.
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The ∞-category Grp(S) admits a simple description. Let S∗ be the ∞-category of
pointed spaces. Namely, S∗ is the (homotopy) fiber of Fun(∆1,S)→ Fun({0},S) ≃ S
over the contractible space ∗ ∈ S. Let S∗,≥1 be the full subcategory of S∗ spanned by
pointed connected spaces. Then by [32, 7.2.2.11] we have a functor
S∗,≥1 −→ Fun(N(∆)
op,S∗)
which to any ∗ → X ∈ S∗,≥1 associates the groupoid of the Cˇech nerve, and it induces
an equivalence S∗,≥1 ≃ Grp(S∗). Since an initial object in S∗ is a final object, we easily
see that there is a natural equivalence Grp(S∗) ≃ Grp(S) induced by the forgetful
functor S∗ → S (cf. [32, 7.2.2.5, 7.2.2.10]). By this identification S∗,≥1 ≃ Grp(S), the
functor Grp(S)→ S induced by [1] ∈ ∆ is equivalent to the composite
S∗,≥1
Ω
−→ S∗ −→ S
where Ω is the loop space functor and the second map is the forgetful functor. Thus
one can say that a derived group scheme is a functor G : CAlgR → S∗,≥1 such that the
composite
CAlgR
G
→ S∗,≥1
Ω
→ S∗ → S
is representable by a derived scheme.
Remark A.4. Note that giving a functor G : CAlgR → Fun(N(∆)
op,S) is equivalent
to giving a functor G′ : N(∆)op → Fun(CAlgR,S). Using [32, 5.1.2.3] we see that the
condition G factors through Grp(S) is equivalent to the condition that G′ is a group
object in Fun(CAlgR,S). Consequently, we have an equivalence
Fun(CAlgR,Grp(S)) ≃ Grp(Fun(CAlgR,S)).
An object Grp(Fun(CAlgR,S)) is a derived group scheme if and only if the image by
Grp(Fun(CAlgR,S))→ Fun(CAlgR,S)
induced by [1] ∈ ∆ is a derived scheme. Thus a derived group scheme over R is a
group object of the∞-category of derived schemes over R. The∞-category of derived
group schemes over R is equivalent to Grp(SchR).
A.3. Commutative Hopf ring spectrum. We focus on the case of derived affine
group schemes. An (usual) affine group schemes is regarded as the Zariski spectrum
of a commutative Hopf-algebra. We will give a similar description in our setting. By
Remark A.4, giving a derived affine scheme is equivalent to giving a functorG : N(∆)→
CAlgR such that G
op : N(∆)op → CAlgopR = AffR is a group object in CAlg
op
R = AffR.
We regard G as a functor G : N(∆)op → AffR, which is a group object. A monoid
object M : N(∆)op → AffR is a group object if and only if
α∗ × β∗ : M([2])→M([1])×M([1])
is an equivalence where α : {0, 2} →֒ [2] and β : {0, 1} →֒ [2]. We have the natural
fully faithful functor
Grp(AffR)→ Fun(N(∆),CAlgR).
We refer to an object in Fun(N(∆),CAlgR) which lies in the essential image of this
functor as a commutative Hopf ring spectrum over R. We refer to the essential image, we
denote by CHopfR, as the∞-category of commutative Hopf ring spectra over R. Note
that there is a natural categorical equivalence CHopfopR ≃ Grp(AffR), which we refer
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to as the ∞-category of derived affine group schemes over R. Also, we set GAffR :=
CHopfopR . We refer to an object in the essential image of Fun
′(N(∆)op, (CAlgR)
op) ⊂
Fun(N(∆),CAlgR) as a commutative bi-ring spectra over R. We remark the standard
fact: if M is a monoid object in S, M is a group object in S if and only if a monoid
π0(M) is a group.
A.4. Derived group schemes, group schemes and examples. Let G be a derived
group scheme over a commutative ring spectrum R. We will explain how to associate
to G a (usual) group scheme G¯ over π0(R). For simplicity, we here assume that G is
affine, i.e., G = SpecA. We impose some conditions on G. Let us suppose either of
conditions:
(i) G is flat over R
(ii) A and R are connective, that is, πi(A) = πi(R) = 0 for i < 0.
We first treat the case (i). In this case, according to [33, 8.2.2.13] there is an
isomorphism π0(A ⊗R A) ≃ π0(A) ⊗pi0(R) π0(A) of commutative rings. Hence the
group object G : N(∆)op → AffR induces a group structure G¯ : N(∆)op → Aff
0
pi0(R)
of G¯ = Spec π0(A), where Aff
0
pi0(R) denotes the ∞-category of ordinary affine schemes
over π0(R).
Next we consider the case (ii). In this case, we also have an isomorphism π0(A ⊗R
A) ≃ π0(A) ⊗pi0(R) π0(A) of commutative rings. Thus a similar argument shows that
G¯ := Spec π0(A) inherits a group structure. In addition, G¯ is equivalent to the com-
posite
G0 : CAlg
dis
Hpi0(R)
→֒ CAlgR
G
→ Grp(S)
pi0→ Grp(Sdis)
where CAlgdisHpi0(R) is the nerve of the category of usual commutative π0(R)-rings, the
first functor is the natural functor, and Sdis is the category of small sets. A group
scheme H over π0(R) is said to be the underlying group scheme of a derived group
scheme G if H represents the above composite G0.
Conversely, we may regard a flat group scheme G over π0(R) as a derived group
scheme that is flat over Hπ0(R). Here Hπ0(R) is the Eilenberg-MacLane spectrum,
which is a discrete commutative ring spectrum. Set G = SpecB. Then the usual
tensor product B ⊗pi0(R) B of commutative rings coincides with the “derived” tensor
product of HB and HB over Hπ0(R) in CAlg. Consequently, G can be viewed as a
derived group scheme. The ∞-category of derived affine group schemes over Hπ0(R)
contains the nerve of the category of affine group schemes which are flat over π0(R) as
a full subcategory.
Finally, we give some examples of derived affine group schemes, which do not nec-
essarily come from usual flat group schemes.
Example A.5. Let s : A → R be an augmentation map in CAlgR. Then we have
a section s∗ : SpecR → SpecA. Let G := SpecR ×SpecA SpecR. The projection
morphism G×RG ≃ SpecR×SpecASpecR×SpecASpecR
p13−→ SpecR×SpecASpecR ≃ G
deterrmies a “multiplication”. To make this idea precise consider the Cˇech nerve
N(∆)op → AffR associated to s
∗ (see [32, 6.1.2.11]). This Cˇech nerve is a derived affine
group scheme over R whose underlying scheme is SpecR×SpecASpecR. In CAlgR, this
construction is known as a bar construction.
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Example A.6. Let R be a commutative ring spectrum. Let M ∈ PModR. Let
f : CAlgR → Grp(S) be a functor given by A 7→ Aut(M ⊗R A) (see Example 3.2).
Then according to Lemma 4.6, f is representable by a derived affine group scheme over
R. See also Example 3.3.
Example A.7. Let S[CP∞] := Σ∞CP∞+ be the unreduced suspention spectrum of the
classifying space CP∞. The commutative monoid structure in S (that is, E∞-structure)
of CP∞ induces a commutative algebra structure on S[CP∞]. Namely, S[CP∞] ∈ CAlg.
The diagonal map CP∞ → CP∞ × CP∞ makes S[CP∞] a commutative Hopf ring
spectrum and thus Spec S[CP∞] is a derived affine group scheme over S (see [38, 12.1]).
Example A.8. Let k be a number field. In [42] Spitzweck constructed the derived
affine group scheme G = SpecB over HZ such that the ∞-category of HZ-spectra
with action of G (see below) is equivalent to the stable ∞-category of Voevodsky’s
category DM(k) of integer coefficients generated by Tate motives. (His results are
much stronger, see [42].)
A.5. ∞-categories of commutative bi-ring spectra and commutative Hopf
ring spectra. We will prove that∞-categories of commutative Hopf ring spectra and
commutative bi-ring spectra have good properties, that is, these are presentable ∞-
categories. To this end, we first give a slighly modified description of commutative
bi-ring spectra.
The ∞-category CAlgR has the natural coCartesian symmetric monoidal structure
(cf. [33]) which we will specify by a coCartesian fibration CAlg⊗R → N(Fin∗). Let
Ass⊗ → N(Fin∗) denote the associative ∞-operad (see [33, 4.1.1.3] for the definition
of associative ∞-operad Ass⊗). The projection
p : CAlgm⊗R := CAlg
⊗
R×N(Fin∗)Ass
⊗ → Ass⊗
is a monoidal ∞-category (cf. [33, 4.1.1.10]), that is, the underlying monoidal ∞-
category of CAlg⊗R. Let us recall the construction of the opposite monoidal∞-category.
Let M⊗ → Ass⊗ be a monoidal ∞-category. Let FM⊗ : Ass
⊗ → Ĉat∞ be a functor
corresponding to M⊗ → Ass⊗ via the straightening functor (see [32, 3.2] for the
straightening and unstraightening functors). Let Op : Ĉat∞ → Ĉat∞ be the natu-
ral (auto)equivalence which carries S to the opposite category Sop. The composite
Op ◦FM⊗ : Ass
⊗ → Ĉat∞ defines a monoidal ∞-category M⊗op → Ass
⊗ via the un-
straightening functor. LetM be the underlying∞-category ofM⊗. Roughly speaking,
M⊗op → Ass
⊗ is the ∞-category Mop endowed with the monoidal structure given by
⊗op : (M ×M)op → Mop where ⊗ indicates the monoidal operation of M. If a
monoidal∞-category N⊗ → Ass⊗ is equivalent toM⊗op → Ass
⊗, then we shall refer to
N⊗ → Ass⊗ as the opposite monoidal ∞-category ofM⊗ → Ass⊗. If we replace Ass⊗
by N(Fin∗), we obtain the opposite symmetric monoidal ∞-category of a symmetric
monoidal ∞-category.
Let q : (CAlgR)
m⊗
op → Ass
⊗ denote the opposite monoidal ∞-category of p. Let
CoAlg(CAlg⊗R) be Alg/Ass⊗((CAlgR)
m⊗
op )
op where Alg/Ass⊗((CAlgR)
m⊗
op ) is the∞-category
of algebra objects. We refer to CoAlg(CAlg⊗R) as the ∞-category of commutative bi-
ring spectra over R (or commutative bi-ring R-module spectra).
Now we show that this definition is compatible with the above definition. The op-
posite symmetric monoidal ∞-category (CAlgR)
⊗
op → N(Fin∗) of p : CAlg
⊗
R → N(Fin∗)
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is a Cartesian monoidal ∞-category (cf. [33, 2.4.0.1]). By [33, 2.4.1.9], there is a
Cartesian structure [33, 2.4.1.1] (CAlgR)
⊗
op → (CAlgR)
op and it induces the second
categorical equivalence in
Alg/Ass⊗((CAlgR)
⊗
op) ≃ Alg/N(∆)op((CAlgR)
⊗
op×Ass⊗N(∆)
op) ≃ Fun′(N(∆)op, (CAlgR)
op),
where the first equivalence is induced by the map Cut : N(∆)op → Ass⊗ defined in
[33, 4.1.2.5] and [33, 4.1.2.15], and Fun′(N(∆)op, (CAlgR)
op) is the full subcategory of
monoid objects (see Appendix A.2). Remark that f : N(∆)op → (CAlgR)
op lies in
Fun′(N(∆)op, (CAlgR)
op) if and only if maps {i − 1, i} →֒ [n] with 1 ≤ i ≤ n induce
an equivalence ⊗1≤i≤nf([1]) → f([n]) for each n, and f([0]) ≃ R. Consequently,
CoAlg(CAlg⊗R) is naturally equivalent to Fun
′(N(∆),CAlgR) where Fun
′(N(∆),CAlgR)
again denotes the full subcategory of Fun(N(∆),CAlgR) spanned by comonoid objects.
Let a = {0, 2} →֒ [2] and b = {0, 1} →֒ [2]. Let C : N(∆) → CAlgR be an object
in Fun′(N(∆),CAlgR) ≃ CoAlg(CAlg
⊗
R). The object C is a commutative Hopf ring
spectrum if and only if C(a) and C(b) determine u : C([1]) → C([1]) ⊗R C([1]) and
v : C([1]) → C([1]) ⊗R C([1]) such that u ⊗ v : C([1]) ⊗R C([1]) → C([1]) ⊗R C([1])
is an equivalence in CAlgR. The spectrum R is a unit of the symmetric monoidal
∞-category CAlg⊗R and thus R is promoted to an object in CoAlg(CAlg
⊗
R). Clearly,
R is a commutative Hopf ring spectrum. The ∞-category CHopfR is contained in
CoAlg(CAlg⊗R) as a full subcategory. Yoneda lemma implies the natural functor
CHopfopR → Fun(CAlgR,Grp(S)) is fully faithful.
Remark A.9. The natural inclusion Fun′(N(∆),CAlgR) → Fun(N(∆),CAlgR) pre-
serves small colimits. Let I be a small ∞-category and I → Fun′(N(∆),CAlgR) a
functor. We will claim that a colimit of the composition q : I → Fun′(∆,CAlgR) →
Fun(N(∆),CAlgR) satisfies the comonoid condition. For λ ∈ I, we set Aλ = q(λ)([1]).
Note that q([0]) ≃ R and q(λ)([n]) is equivalent to the n-fold tensor product Aλ ⊗R
. . .⊗R Aλ. By [32, 5.1.2.3], the n-th term of the colimit of q is colim(Aλ⊗R . . .⊗R Aλ)
(indexed by I) in CAlgR. It will suffice to prove that for each n ∈ N, inclusions
{i− 1, i} →֒ [n] for 1 ≤ i ≤ n induces an equivalence
colim(Aλ)⊗R . . .⊗R colim(Aλ)→ colim(Aλ ⊗R . . .⊗R Aλ).
According to [32, 4.4.2.7], we may assume that I is either a pushout diagram or a
coproduct diagram. For simplicity, suppose that n = 2. (The general case is straight-
forward.) Note that the symmetric monoidal structure of CAlgR is coCartesian. In
the coproduct case, (⊗λAλ) ⊗R (⊗λAλ) ≃ ⊗λ(Aλ ⊗R Aλ). In the case of pushout, for
a diagram A ← C → B in CAlgR, we have an equivalence (A⊗C B)⊗R (A ⊗C B) ≃
(A⊗R A)⊗C⊗RC (B ⊗R B). Hence our claim follows.
The inclusion CHopfR →֒ CoAlg(CAlg
⊗
R) ≃ Fun
′(N(∆),CAlgR) preserves small
colimits. Let I be a small ∞-category and I → CHopfR a functor. Let q : I →
CHopfR →֒ Fun
′(∆,CAlgR) be the composition. We adopt the notation similar to the
above paragraph. We claim that the colimit of q belongs to CHopfR. By assumption,
a = {0, 2} →֒ [2] and b = {0, 1} →֒ [2] and the colimits induce a diagram
colimAλ //
colim(a∗) ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
colim(Aλ ⊗R Aλ)

colimAλoo
colim(b∗)vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠
colim(Aλ ⊗R Aλ)
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where the the upper horizontal diagram is the colimit of the coproduct diagrams
Aλ → Aλ ⊗R Aλ ← Aλ. The vertical arrow in the middle is an equivalence (by
our assumption). Moreover, in the previous paragraph, we have shown that the upper
horizontal diagram exhibits colim(Aλ⊗RAλ) as the coproduct of colimAλ and colimAλ.
This implies that the colimit of q belongs to CHopfR.
Proposition A.10. The ∞-category CoAlg(CAlg⊗R) is a presentable ∞-category.
Proof. Let C be a subcategory of Ĉat∞ such that:
• objects are ∞-categories X such that X op is an accessible ∞-category,
• morphisms are functors F : X → Y such that F op : X op → Yop are accessible
functors.
Note that Op : Ĉat∞ → Ĉat∞ which sends X to X
op is a categorical equivalence.
Moreover by [32, 5.4.7.3] the limit of accessible ∞-categories in Ĉat∞ exists and it
is an accessible ∞-category. These observations together with [32, 5.4.4.3, 5.1.2.3]
imply that C ⊂ Ĉat∞ satisfies the conditions (a), (b), (c) in [32, 5.4.7.11]. Since
the monoidal structure on CAlgR is compatible with small colimits, combined with
[33, 3.2.3.4] we can apply [32, 5.4.7.14] to deduce that CoAlg(CAlg⊗R) is accessible.
Finally, CoAlg(CAlg⊗R) admits small colimits since Fun(N(∆),CAlgR) is presentable
and CoAlg(CAlg⊗R) ⊂ Fun(N(∆),CAlgR) is stable under small colimits. ✷
Proposition A.11. The ∞-category CHopfR is a presentable ∞-category.
Proof. Let V → N(∆) denote the inclusion corresponding to
a = {0, 2}

b = {0, 1} // c = [2]
where two maps are inclusions. Namely, V has exactly three objects a, b, c, and non-
degenerate maps are a → c and b → c. The composition with V → N(∆) determines
a map Fun′(N(∆),CAlgR) → Fun(V,CAlgR). For p : V → CAlgR, p induces p(a) ⊗
p(b) → p(c) since p(a) ⊗ p(b) is a coproduct of p(a) and p(b). By left Kan extension
it yields Fun(V,CAlgR)→ Fun(∆
1,CAlgR) which carries p to p(a)⊗ p(b)→ p(c), and
we have the composition σ : Fun′(N(∆),CAlgR)→ Fun(∆
1,CAlgR). By the definition
of CHopfR, we have a homotopy cartesian square
CHopfR //

Fun′(N(∆),CAlgR)
σ

Fun≃(∆
1,CAlgR)
τ // Fun(∆1,CAlgR)
where Fun≃(∆
1,CAlgR) is the full subcategory of Fun(∆
1,CAlgR) spanned by maps
∆1 → CAlgR which correspond to equivalences in CAlgR, and τ is the inclusion. Since
Fun≃(∆
1,CAlgR) ≃ CAlgR, τ preserves small colimits. According to [32, 5.1.2.3], we
see that σ preserves small colimits (by noting Fun′(N(∆),CAlgR)→ Fun(N(∆),CAlgR)
preserves small colimits). Note that by Proposition A.10 and [32, 5.4.4.3] Fun′(N(∆),CAlgR),
Fun(∆1,CAlgR) and Fun≃(∆
1,CAlgR) are presentable ∞-categories (we remark that
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CAlgR is presentable). Thus by virtue of [32, 5.5.3.13] we see that CHopfR is also
presentable. ✷
As a corollary of these results, we have
Corollary A.12. Let GAffR be the ∞-category of derived affine group schemes over
R. Then GAffR has small colimits and limits. The forgetful functor GAffR → AffR
preserves small limits.
A.6. Representations of commutative bi-ring spectra and commutative Hopf
ring spectra. We will construct a functor CoAlg(CAlg) → Ĉat∞ which carries B ∈
CoAlg(CAlg) to the stable presentable∞-category RepB consisting of spectra endowed
with coaction of B. Informally, RepB is the ∞-category of spectra N endowed with
action of the derived monoid scheme SpecB which associates an automorphism N ⊗
V
∼
→ N ⊗ V to each point Spec V → SpecB with V ∈ CAlg. Thus when B does not
lie in CHopf, roughly speaking, ModB (which we are going to define) does not coincide
with the ∞-category of “comodules” of B. We believe that the notation RepB is little
confusing.
Before we define the ∞-category RepB for B ∈ CoAlg(CAlg), we recall the ∞-
category Ĉat
L,st
∞ of stable presnetable ∞-categories and the functor CAlg → Ĉat
L,st
∞
which to any R ∈ CAlg associates the ∞-category ModR of left R-module spectra.
Let Ĉat
L,st
∞ be the ∞-category of presentable stable ∞-categories where morphisms
are colimit-preserving functors. (This category is a subcategory of Ĉat∞.) There is a
natural symmetric monoidal structure on Ĉat
L,st
∞ which commutes with small colimit
separately in each variable (see [34, II, 4.2] or [33, 6.3.2]). For C,D ∈ Ĉat
L,st
∞ , the
tensor product C ⊗D has the following universality: There is a functor C ×D → C⊗D
which preserves small colimits separately in each variable, and if E belongs to Ĉat
L,st
∞
and Func(C ×D, E) denotes the full subcategory of Fun(C ×D, E) spanned by functors
which preserve small colimits separately in each variable, then the composition induces
a categorical equivalence
FunL(C ⊗ D, E)→ Func(C × D, E),
where FunL(−,−) on the left side of the equivalence indicates the full subcategory
of Fun(−,−) spanned by colimit-preserving functors. An object CAlg(Ĉat
L,st
∞ ) can be
regarded as a symmetric monoidal stable presentable∞-category whose tensor product
preserves small colimits separately in each variable.
Let LM⊗ be the∞-operad of left modules (see for the definition [33, 4.2.1.7]). Con-
sider the symmetric monoidal ∞-category Sp⊗ → N(Fin∗) of spectra. The natural
fibration LM⊗ → Ass⊗ and its section Ass⊗ →֒ LM⊗ of ∞-operads described in [33,
4.2.1.9, 4.2.1.10] determine a map
φ : LMod(Sp) = AlgLM⊗ /Ass⊗(Sp
⊗)→ AlgAss⊗ /N(Fin∗)(Sp
⊗).
By [33, 6.3.3.15] φ is a coCartesian fibrarion (informally forR→ R′ ∈ AlgAss⊗ /N(Fin∗)(Sp
⊗)
and (R,M) ∈ LMod(Sp), M →M⊗RR′ is a coCartesian edge lying over it). Thus the
straightening functor gives rise to AlgAss⊗ /N(Fin∗)(Sp
⊗)→ Ĉat∞ which factors through
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AlgAss⊗ /N(Fin∗)(Sp
⊗) → Ĉat
L,st
∞ . It is extended to a functor between the ∞-categories
of commutative algebra objects
CAlg(AlgAss⊗ /N(Fin∗)(Sp
⊗))→ CAlg(Ĉat
L,st
∞ )
(cf. [33, 6.3.5.16]). As explained in the proof of [33, 6.3.5.18], the unique bifunctor
Ass⊗×Comm⊗ → Comm⊗ of ∞-operads (here the ∞-operad Comm⊗ is determined
by the identity map Comm⊗ := N(Fin∗) → N(Fin∗)) exhibits Comm
⊗ as a tensor
product of Ass⊗ and Comm⊗. It follows a categorical equivalence CAlg(Sp⊗) →
CAlg(AlgAss⊗ /N(Fin∗)(Sp
⊗)). Thus we have
Θ : CAlg −→ CAlg(Ĉat
L,st
∞ )
which carries A to Mod⊗R.
Next using Θ, for any B ∈ CoAlg(CAlg⊗R) we will define an ∞-category ModB in a
functorial fashion. Remember that the∞-category CoAlg(CAlg⊗R) is equivalent to the
∞-category Fun′(N(∆),CAlgR) of comonoid objects. The functor Θ naturally induces
ΘR : CAlgR ≃ CAlgR/ → CAlg(Ĉat
L,st
∞ )Mod⊗R /
(the first equivalence follows from [33,
3.4.1.7]). Hence composing CoAlg(CAlg⊗R) ≃ Fun
′(N(∆),CAlgR) with it we have
CoAlg(CAlg⊗R)→ Fun(N(∆),CAlg(Ĉat
L,st
∞ )Mod⊗R /
).
Since CAlg(Ĉat
L,st
∞ )Mod⊗R /
admits small limits (because it is presentable by [32, 5.5.3.11]),
there is a right adjoint of CAlg(Ĉat
L,st
∞ )Mod⊗R /
→ Fun(N(∆),CAlg(Ĉat
L,st
∞ )Mod⊗R /
) in-
duced by the obvious map N(∆)→ ∆0. Namely, the right adjoint
Fun(N(∆),CAlg(Ĉat
L,st
∞ )Mod⊗R /
)→ CAlg(Ĉat
L,st
∞ )Mod⊗R /
sends N(∆)→ CAlg(Ĉat
L,st
∞ )Mod⊗R /
to its limit. Combining all together we have
CoAlg(CAlg⊗R)→ Fun(N(∆),CAlg(Ĉat
L,st
∞ )Mod⊗R /
)→ CAlg(Ĉat
L,st
∞ )Mod⊗R /
and for B ∈ CoAlg(CAlg⊗R) we set its image Mod
⊗
R → Mod
⊗
B ∈ CAlg(Ĉat
L,st
∞ )Mod⊗R /
which we refer to as the R-linear symmetric monoidal ∞-category of representations
of the commutative bi-ring spectrum B (here R-linear structure means a symmetric
monoidal colimit-preserving functor Mod⊗R → Rep
⊗
G). If G = SpecB is a derived affine
group (monoid) scheme over R, then we often write RepG for RepB.
Proposition A.13. The∞-category RepG is a stable presentable∞-category endowed
with a symmetric monoidal structure which preserves small colimits separately in each
variable.
Let Rep⊗G denote the symmetric monoidal ∞-category of representations of G. The
unit u : SpecR → G induces a symmetric monoidal functor u∗Rep⊗G → Mod
⊗
R. Let
PRep⊗G be the symmetric monoidal full subcategory of Rep
⊗
G spanned by dualizable
objects. An object M ∈ RepG lies in PRepG if and only if u
∗(M) lies in PModR.
We refer to PRepG as the ∞-category of perfect representations of G. We can easily
deduce the following:
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Proposition A.14. The∞-category PRepG is a small stable idempotent complete∞-
category endowed with a symmetric monoidal structure which preserves finite colimits
separately in each variable.
Let (CAlgR)
op →֒ Fun(CAlgR, Ŝ) be Yoneda embedding, where Ŝ denotes the ∞-
category of (not necessarily small) spaces, i.e. Kan complexes. We shall refer to objects
in Fun(CAlgR, Ŝ) as presheaves on CAlgR or simply functors. By left Kan extension
of ΘR, we have a colimit-preserving functor
ΘR : Fun(CAlgR, Ŝ)→ CAlg(Ĉat∞)
op.
For X ∈ Fun(CAlgR, Ŝ), we write Mod
⊗
X for ΘR(X). We denote by PMod
⊗
X the
full subcategory spanned by dualizable objects. Let G be a derived affine group
scheme and let ψ : N(∆)op → AffR be the corresponding simplicial object. Let
N(∆)op
ψ
→ (CAlgR)
op →֒ Fun(CAlgR, Ŝ) be the composition and let BG denote the
colimit. Remember ΘR(BG) = Mod
⊗
BG ≃ Rep
⊗
G and PMod
⊗
BG ≃ PRep
⊗
G.
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